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Abstract

A wide variety of mathematical expressions printed in
scientific and technical reports can be recognized by ana-
lyzing a two-dimensional layout structure. In this paper, the
position relation between adjacent characters is analyzed
for the purpose of automatic discrimination among base-
line, subscript, and superscript characters. This analyzing
is one of the most important parts of structure analysis. The
proposed method is very promising, as the results reached
up to (99.76%) over a very large database by using distribu-
tion map. This distribution map is defined by two important
features, i.e., relative size and relative position.

1. Introduction

There is a wealth of mathematical expressions which
can be very useful in many applications. These materials
have been existed in physical, mechanical, and mathemat-
ical books, which are references in the domain from many
years ago. Unfortunately, most of these materials are not
available in electronic form and therefore there is an urgent
need to build systems to manipulate them.

Math OCR is a system for converting scanned page im-
ages into machine-editable text formats, such as Latex and
XML. There are many attempts to recognize mathematical
documents. This recognition is very necessary for reducing
the storage size, making various search services, and getting
digital libraries. The previous attempts were overviewed in
[1]. Figure 1 shows the major modules of math OCR. The
main module of math OCR is the recognition of mathemat-
ical expressions, which is decomposed into two other mod-
ules; recognition of component characters of mathematical
expressions and structure analysis.

Recognition of component characters of mathematical
expressions is more difficult than that of ordinary text char-
acters. This fact is due to many reasons; mathematical sym-
bols and characters have huge numbers of categories. For
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Figure 1. Major modules of math OCR.

example, Suzuki et al. [2] have defined about 1500 cate-
gories for mathematical symbols and characters. In addi-
tion, these categories have many similar shapes such as “v”,
“v” (italic “v”), “v” (bold-italic “v”), “V” (Calligraphic of
“V”), “v” (upsilon), “v” (nu), and “Vv” (logical OR oper-
ator). Moreover, these categories have many variation in
their sizes. Due to these reasons, the recognition of math-
ematical expressions became a difficult and interesting part
in pattern recognition. However, this part is not the scope
of this paper.

Structure analysis is a special module for math OCR. The
analysis of a two-dimensional structure of mathematical ex-
pressions is done in this module. The structures of mathe-
matical expressions are often represented by some graphical
models, such as a directed graph or undirected graph. The
nodes of the graph correspond to individual characters and
the edges correspond to the relationships between adjacent
characters. These relations are determined in this module,
for example, subscripts and superscripts are detected in this
module.

The structure analysis module is further decomposed
into two modules; top-down and bottom-up module. The
purpose of the top-down module is to regulate the analy-
sis result by using some grammar. Many researchers have



been fascinated with the top-down module from Anderson’s
famous trial four decades ago [3]. This fascination may
come from the fact this module is a practical application
of two-dimensional grammars (such as tree grammar and
web grammar). The details of this module can be found
in[l1,4,5].

Bottom-up module, which is the main topic of this pa-
per, is also important in the structure analysis module. This
module determines the relative structure of individual char-
acters by using geometrical information, such as position
and size. In some sense, bottom-up module is far more es-
sential than the top-down module, because the latter can be
considered as just a verification step of the former. In other
words, the performance of the bottom-up module is very
crucial for the total performance of structure analysis.

In this paper, we discuss about the main function of
the bottom-up module, that is, the automatic discrimination
among baseline, subscript, and superscript characters (here-
after, simply called discrimination task). Readers might
think that the discrimination task can be easily completed by
just checking the upper and lower relation between adjacent
characters. This strategy, however, is totally insufficient.
Careful considerations are necessary for this discrimination
due to wide variation of printing style. Figure 2 shows some
examples of mathematical expression from different mathe-
matical documents. We can notice from this figure the vari-
ation of the relative sizes and the positions between baseline
characters and sub/superscript characters. For example, the
position of the subscript u is very low and the superscripts
2 in Z? and )? are located at different positions.

As explained in Section 2, the discrimination task has
been tackled with some heuristics. Unfortunately, these
heuristics did not evaluated precisely. In fact, the previous
attempts did not give details about this task and they only
gave total performance of the structure analysis module.
Furthermore, they illustrated neither qualitative nor quanti-
tative analysis of their result. Therefore, previous attempts
are not well-grounded.

The main contribution of this paper is to evaluate how
the geometrical information is useful for the discrimination
task through a very large-scale experiment and focused in-
spections about the experimental result. As the geomet-
rical information, we will use two features called relative
size and relative position. On the extraction of those fea-
tures, careful considerations will be given for compensating
the difference among various print styles. Experimental re-
sults revealed that the discrimination can be done almost
perfectly (~ 99.76% ).

In this paper, the discrimination task was done for the al-
phanumeric characters; mathematical symbols are excluded
from this evaluation. The evaluation results, however, are
still meaningful. That is, alphanumeric characters have the
majority over mathematical symbols in mathematical ex-

pressions. Therefore, the results are enough to show the
importance of the proposed method.

As noted above, careful considerations are given for
dealing with this delicate discrimination task. For exam-
ple, a character size normalization is introduced to avoid
the variation of character shapes. In addition, a special treat-
ment for characters whose sizes are not stable is introduced.
A document- specific consideration is also introduced to im-
prove the performance.

The remainder of this paper is organized as follows. Sec-
tion 2 outlines a brief review on the discrimination task.
Section 3 presents the database which was used in the in-
vestigation. Section 4 describes the task of the proposed
method. Section 5 introduces the features which were used
in the distribution map. Section 6 presents the characteris-
tics of some unusual characters. Section 7 shows exper-
imental results with a very large database through qual-
itatively and quantitatively analysis. Finally, Section 8
presents a concussion and future work.

2. Related work

As noted before, there have been many attempts which
tackled the discrimination task. For example, Okamoto [6]
and Tian [7] have checked the relative position and size of
adjacent character pairs. It is a reasonable strategy for the
discrimination task.

In [8], a normalized bounding box, which is also em-
ployed in the proposed method, was introduced. It is a
bounding box with a virtual ascender and/or descender and
can stabilize the discrimination by suppressing the bad ef-
fect of character shape variation. Mitra et al. [9] also have
employed an normalization scheme on the discrimination.
They have also provided a parameter table which will be
useful for the discrimination. They, unfortunately, have pro-
vided neither enough justification on the parameter table nor
experimental results focused on the discrimination task.

Pottier and Lavirotte [10] used OCR system to deduce
the relative size and position. They also, unfortunately, have
provided neither details nor experimental results focused on
the discrimination task.

Again, all of these attempts did not give details about the
discrimination task; they gave only the total performance of
the system and specified neither quantitative nor qualitative
analysis of their results (e.g., [11, 12, 13]). This may be
because (i) the discrimination task is one module of a large
math OCR system, (ii) it employs many heuristics whose
details are often hidden from readers, and (iii) it should be
evaluated with a large-scale database.

In contrast, this paper concentrates its attention on the
discrimination task. This task is not trivial one; it requires
many considerations about the characteristics of mathemat-
ical expressions, which often depends on the printing style
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of each document. In other words, through this task we
can understand the characteristics, which will be useful in
many other modules in math OCR. Experimental evaluation
is done quantitatively and qualitatively with 47,963 ground-
truthed adjacent character pairs extracted in mathematical
expressions.

The proposed method was inspired by Eto et al. [14],
They collected all adjacent pair of characters and plot their
relative size and position on a two-dimension space. They,
however, did not specify any qualitative or quantitative eval-
uation like other past attempts. In addition, their method
relies on some empirical manual operation at the discrimi-
nation task.

3. Database

The discrimination task was applied on 47,963 pair of
adjacent alphanumeric characters in mathematical expres-
sions. This huge number of characters were extracted from
two large databases, InftyCDB-1 [2, 15] and InftyCDB-
2 [16]. These databases consist of 65 English articles (pub-
lished in 1949 ~ 2000), 4 French articles (published in 1974
~ 1988), and 7 German articles (published in 1956 ~ 1987)
on pure mathematics. The total number of pages in the
databases is 908.

To the authors’ best knowledge, those databases are the
largest databases used in past attempts on the discrimination
task. For example, they are larger than the database used
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Figure 4. The three classes in the discrimina-
tion task: (a) subscript class, (b) horizontal
class, and (c) superscript class. Here, the ad-
jacent pair of “a” and “y” is illustrated.

in [17], which consists of 297 pages. Such large databases
are very suitable to derive universal properties (e.g., the dis-
crimination task) of mathematical expressions.

In InftyCDB-1 and InftyCDB-2, all pages were scanned
in 600 dpi and binarized automatically by the same com-
mercial scanner (RICOH Imagio Neo 450). The quality of
the resulting page images varies with the quality of original
print and/or copy. The mathematical expressions shown in
Figure 2 were examples from the databases.

A ground truth for each character in the mathematical ex-
pressions was attached manually by seven university mathe-
matics students. The ground truth of each character consists
of the many attributes [2], such as character category, size,
location, and link to its adjacent character.

From the link attribute, it is possible to represent each
mathematical expressions as a tree. Figure 3 shows a struc-
ture mathematical expression, which has seven horizontal
links and three non-horizontal links. Note that this is a di-
rected tree where each link connects a child character to a
parent character.

In the experimental evaluation, we select adjacent char-
acter pairs (i.e., linked character pairs) which are comprised
of alphanumeric characters such as “A”, “B”, “c”, “¢6”, “E”,
“f, and “2”. Mathematical symbols are excluded such
as“|”. This exclusion is not so vital because of the majority
of alphanumeric. About 57.1% of characters in mathemat-
ical expressions are alphanumeric (179,457 alpha-numerals
from 314,114). Therefore, the investigation of alphanu-
meric characters for the discrimination task is still meaning-
ful by itself and useful for the discrimination task including
mathematical symbols.

Note that we assume that we know the correct category
of each character, which is taken from the ground truth.
This assumption is reasonable since the structure analysis
is performed after recognition of component characters in
most math OCRs.
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4, The discrimination task

Our task is the automatic discrimination among baseline,
subscript, and superscript characters. This task is equivalent
to the classification problem of each adjacent character pair
into one of three classes, horizontal class, subscript class,
and the superscript class. A character pair in the horizontal
class are linked by a horizontal link (Fig. 3). Similarly, a
pair in the subscript class are linked by a subscript link and
a pair in the superscript class are linked by a superscript
link.

Figure 4 illustrates these three classes by the parent char-
acter “a” and the child character “y”. The numbers of pairs
in all the 47,963 pairs are 16,896 (horizontal), 24,185 (sub-
script), and 6,882 (superscript). Note that a parent charac-
ter may be a sub/superscript character. Among the 47,963
pairs, 4,900 pairs have sub/superscript parent characters.
(Their children will be double sub/superscript characters.)

5. Feature extraction for the discrimination
task

5.1. Normalized bounding box

For the extraction of two features, relative size and rel-
ative position, we must care about the difference of char-
acter sizes. For example, the sizes of “a” and “A” are very
different. For compensating this difference, we will use a
normalized bounding box for each character instead of the
actual bounding box. Figure 5 (a) shows the normalized
bounding box.

For setting the normalized bounding box of each char-
acter, a virtual ascender or a virtual descender or both are
added to the actual bounding boxes. This addition depends
on the character category. For example, the normalized

bounding box of the characters without ascender and de-
scender (e.g., “a”,“c”, “e”), need the virtual ascender and
descender. Similarly, the normalized bounding box of the
characters without descender (e.g., “b”, “d”, “h”) need the

virtual descender.

5.2. X:Y:Z ratio

On setting the normalized bounding box, we must know
the height of the virtual ascender and descender. This can
be derived from the ratio of three regions, called X, Y, and
Z regions. Figure 5 (b) shows X, Y and Z regions. From
the ratio of the heights of X, Y and Z, we can calculate the
heights of ascender/descender, or equivalently the height of
the normalized bounding box. For example, the height of
the normalized bounding box of the character “A” can be
obtained by estimating the height of its virtual Z and it will
be calculated by multiplying the actual height of the “A” by
the ratio between Z and X + Y.

In the estimation of the X : Y : Z ratio of a document, the
heights of X,Y and Z for each baseline character of a doc-
ument are first measured. At the measurement, we need to
refer to its category (i.e., recognition result). For example, if
the category of a character is “A”, the height of the X + Y re-
gion is measured. Then the measured heights are averaged
to have the X : Y : Z ratio for all the baseline characters of
the document. The X : Y : Z ratio for sub/superscript char-
acters is also estimated in the same way. This is because
they often have their own X : Y : Z ratio (which is slightly
different from the X : Y : Z ratio of the baseline characters)
due to their own font shapes!.

The X : Y : Z ratio is common for all characters within
a document. In other words, each document has its own
X : Y : Z ratio. In this sense, we hereafter call the ratio
private X : Y : Z ratio. In contrast, we also can estimate
the X : Y : Z ratio common for any document by using
all the characters of a large-scale multi-document database.
We hereafter call the ratio common X : Y : Z ratio. If the
performance with the common ratio is better or comparable
to that with the private ratio, the common ratio is far more
useful than the private ratio since we can always use the
same ratio without any estimation at each document. Un-
fortunately, as experimentally shown in a later section, the
private ratio outperforms the common ratio.

Readers may be confused by the fact that we need to discriminate
between baseline characters and sub/superscript characters for estimating
their own X : Y : Z ratio during the process toward our final goal, i.e.,
the discrimination among the baseline characters and the sub/superscript
characters. For the estimation, we only need to perform a “rough” dis-
crimination. Of course, the result from this rough discrimination includes
some errors. These errors do not affect the estimation seriously because
we use the average of the heights.
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5.3. Feature extraction

The two features used for the discrimination task are de-
fined by a normalized size and a normalized center of the
normalized bounding box. The normalized size and the nor-
malized center is defined as the height and the center of the
normalized bounding box, respectively. Figures 5 (¢) and
(d) illustrate them. Let 4; and A, denote the normalized
sizes of the parent and child, respectively. Similarly, let ¢;
and ¢, denote the normalized centers of those characters.

From the normalized size and the normalized center, the
relative size H and the relative position D can be extracted
for each pair of adjacent characters as follows:

h
H = 2 )
]’Ll
p = 4-%2 )
]’Ll

6. Irregular characters

On setting the normalized bounding box, a special treat-
ment must be done for irregular characters which may have
different sizes and occupy different X,Y, Z regions in differ-
ent documents. Figure 6 shows several irregular characters.
For example, “y” occupies Y and Z regions in a document
and occupies all X : Y : Z regions in another document.
Through a rough observation of the database documents, the
following 18 categories are considered as irregular charac-
ters: 7 Roman characters (e.g., “i”, “¢”), 3 Greek characters
(e.g., “¢”, “y”), and 8 numeric characters (e.g., “0”, “5”).

Obviously, these irregular characters badly effect the es-
timation of the X : Y : Z ratio. In order to suppress the

effect, a special treatment is applied for the irregular charac-
ters. This special treatment is composed as follows: (i) the
elimination of the irregular characters when evaluating the
X, Y and Z ratio, (ii) the estimation of the actual X : Y : Z
occupation of each irregular character by choosing the most
probable occupation from possible occupations, and (iii) the
fixation of the normalized bounding box according to this
estimation.

7. Experimental results

7.1. Qualitative evaluation with distribu-
tion maps

The discrimination performance can be evaluated quali-
tatively by observing the distribution map which shows the
distribution of (H, D)-features in a two-dimensional space
for pairs of adjacent characters. If there is small overlap
among horizontal, subscript and superscript classes, we can
expect better discrimination by some appropriate discrimi-
nation functions.

Figure 7 illustrates several distribution maps whose de-
tails will be discussed latter. In these maps each*x”’-shaped
dot corresponds to a character pair of the horizontal class
(e.g., “xy” and “2a”). Each “o”-shaped dot corresponds to
a pair of the subscript class (e.g., “M»,” and “ex”). Finally,
each “x”-shaped dot corresponds to a pair of the superscript
class (e.g., “H>”).

Figure 7 (a) shows the distribution map with the actual
bounding boxes. Heavy overlaps among the three classes
can be observed on this map. Especially, horizontal (“X”)
and subscript (“o”) classes are confused and cannot be dis-
tinguished. These overlaps come from the variation of the
sizes and positions of the actual bounding boxes, that is, the
difference of original character shapes (such as the differ-
ence between “a” and “A”).

Figure 7 (b) shows the distribution map with the normal-
ized bounding box (with the private X : Y : Z ratio de-
termined at each document). The overlaps were decreased
drastically and thus we can conclude that the normalization
is very powerful for the discrimination task with (H, D)-
features. There, however, are still small overlaps. A close
investigation of the points in the overlaps revealed that most
of them are pairs including irregular characters. These ir-
regular characters might have wrong normalization.

Figure 7 (c) shows the distribution map after applying
the special treatment of irregular characters. The overlaps
became far smaller than those of (b). Consequently, the spe-
cial treatment is not trivial but necessary for accurate dis-
crimination. (As shown later, the special treatment reduces
50% of mis-discrimination.) Note that (c) is the best case
among those five maps. of Figure 7.
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Table 1. Discrimination accuracy (%) by
quadratic classifier on H-D space.

normalize - private common

X:Y:Z X:Y:Z

special treat. - - + - +
accuracy 80.38 | 99.31 | 99.76 | 99.54 | 99.25

As discussed in 5.2, we can use the common X : Y : Z
ratio instead of the private X : Y : Z. Figures 7 (d) and (e)
show the distribution maps when the common X : Y : Z was
used at the normalization. The difference between them is
the usage of the special treatment of the irregular characters.
The map of (d) has a little bit smaller overlaps than map of
(b). That is, the common X : Y : Z outperformed the private
X : Y : Z without the special treatment. This is because
the private X : Y : Z ratio is more sensitive to irregular
characters than the common X : Y : Z ratio.

The special treatment was then applied in Figure 7 (e).
Different from the improvement from (b) to (c), we recog-
nize the enlargement of the overlap by the application. This
is because the normalized bounding box of irregular char-
acters was wrongly estimated by the common X : Y : Z and
then those irregular characters failed at the discrimination.

Consequently, the smallest overlaps occur at Figure 7 (c)
where the normalized bounding box with the private X :
Y : Z ratio and the special treatment to irregular characters
were used. The pairs at the overlaps of the best case mainly
includes characters which have styles peculiar to a docu-
ment. Figure 8 shows two mathematical expressions from
two different documents. For example, “0” and “i” gen-
erally occupy the X : Y region and the upper expressions
includes such “6” at its baseline (“6” in “d@”). However, all
“0”s of superscripts have different situations; “6” in the up-
per expression does not occupy full of the X : ¥ region and
“@” in the lower expression exceeds the X : Y region. This
example shows the necessity of further consideration about
document-specific print styles as our future work.

7.2. Quantitative evaluation
quadratic discrimination

through

Table 1 shows the discrimination accuracy rate by using
a simple Bayesian classifier. We assumed that each of the
three classes has a two-dimensional Gaussian distribution
on the H—D space. This assumption reduced Bayesian clas-
sifier to a quadratic classifier. All data of each class were
used to estimate the parameters (i.e., the empirical mean
vector and the empirical covariance matrix) of the Gaussian
distribution. Figure 7 shows the distribution boundary of
the quadratic classifiers.

The evaluation results illustrated in this table coincide
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Figure 8. The character 6 which could not
be discriminated correctly from two different
documents.

with the qualitative evaluation in 7.1. The highest accuracy
was achieved with the normalized distribution map using
private X : Y : Z and special treatment of irregular charac-
ter. Although we used a simple quadratic classifier to de-
termine the discrimination boundary, the highest accuracy
was 99.76%. That is, the discrimination was done almost
perfectly by using the two feature H and D.

8. Conclusion

This paper discussed a discrimination task of classify-
ing each pair of adjacent characters in a mathematical ex-
pression into one of the three classes (horizontal class, sub-
script class, and superscript class) for realization an accu-
rate structure analysis module of math OCR. For this task,
we used two features, relative size and relative position, for
describing the relation between the adjacent characters. A
large-scale experiment was conducted to evaluate the use-
fulness of those features, which convey geometrical infor-
mation of component characters in mathematical expres-
sions.

Experimental results were observed as distribution maps
and showed that the two features are sufficient for the
discrimination task and could provide 99.7 % accuracy.
Through the experiment, we emphasized the importance of
special considerations about irregular characters and the use
of private X : Y : Z ratio, which is used for making the nor-
malized bounding box. These two points were overlooked
in the past attempts, while they give us an important aspect
that document-specific characteristics is necessary on the
structure analysis.

Future work will focus on the following points.

e Apply our discrimination task on non-alphanumeric
symbols, such as operators and parentheses. Although
alphanumeric characters are the major part in most



mathematical expressions, non-alphanumeric symbols
are also important in the mathematical expressions.

The discrimination of these non-alphanumeric sym-
bols might be more difficult than that of alphanumeric
characters, because there is no general normaliza-
tion scheme for non-alphanumeric specially for paren-
theses. However, if we can extract any document-
dependent characteristics from each individual docu-
ment, they may be usefully in the discrimination of
non-alphanumeric symbols.

o Another utilization of the distribution map. We already
know the distribution of baseline, subscript, and super-
script characters. If there is any unusual position of
these characters on the distribution map, we can detect
errors in these characters (e.g., category error, pairing
error, broken or touching characters, etc.) Therefore,
the proposed method may help text line segmentation.
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