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Abstract—A new decoding for hidden Markov models is
presented. As opposed to the commonly used Viterbi algorithm, it
is based on the Min-Cut/Max-Flow algorithm instead of dynamic
programming. Therefore non-Markovian long-term dependencies
can easily be added to influence the decoding path while still
finding the optimal decoding in polynomial time. We demonstrate
through an experimental evaluation how these constraints can be
used to improve an HMM-based handwritten word recognition
system that model words via linear character-HMM by restricting
the length of each character.

I. I NTRODUCTION
The automatic recognition of off-line handwritten words
is, after years of intense research, still a hard problem [11],
[17]. The large variety of different writing styles encountered
in writer independent recognition tasks require sophisticated
recognition systems trained on a large training set.
A very successful state-of-the-art approach is based of
hidden Markov models (HMM) [4], [5], [8], [13]. HMM have
the advantage of being well-understood statistical models with
a clear mathematical background. The Markov property, which
states (among other conditions) that current state of the model
depends only on the current observation and the previous
state, simplifies the modeling of complex pattern. In addition,
computationally efficient algorithms for training and decoding
exist.
However, the Markov property is also one of the biggest
drawbacks of HMM-based handwriting recognition. As a
matter of fact, handwriting is not a Markovian process as the
writing path is influenced frequently by events in the past.
For example, when drawing the character ”0”, it is important
that the pen returns to a position close to the beginning of
the stroke, to prevent any confusion with the digit ‘6’. Hence,
the position of the final part of the stroke depends upon the
initial position, clearly violating the Markov property. It is
in principle possible to model long-term dependencies with
suitable HMM topologies, but this comes at the cost of an
increased model complexity.
In this work, we present an different way of adding nonMarkovian constraints to HMM decoding. Instead of using the
Viterbi algorithm for decoding, we propose to represent the
decoding problem as a graph and employ the Min-Cut/MaxFlow algorithm to find an optimal path. This representation

allows to easily constrain the decoding path through the
addition of adequate edges into the graph. As a result, we
derive a polynomial run-time algorithm for decoding linear
HMM which respects long-term constraints. To the knowledge
of the authors, this is the first time such an approach has been
proposed. The presented algorithm is an extension of a previous publication in which the Min-Cut/Max-Flow algorithm
is applied for dynamic time warping (DTW) [16]. The main
contribution of the paper is the representation of the HMM
decoding problem as an instance of a different problem class,
viz. graph cut. Existing solutions for the new representation
allow new constraints on the solutions space in polynomial
time, something which was not possible before.
The rest of the article is outlined as follows. In the next
section (Section II), underlying technologies are reviewed, in
particular HMM and Min-Cut/Max-Flow algorithms. The proposed method of using Min-Cut/Max-Flow as a substitution of
the Viterbi-decoding is explained in Section III. In Section IV,
Non-Markovian constraints are introduced. An experimental
evaluation is presented in Section V and conclusions are drawn
in Section VI.
II. S TATE OF THE A RT
In this section, HMM-based word recognition is reviewed
followed by an introduction of how the Min-Cut/Max-Flow
algorithm can be used for DTW. These are the underlying
methodologies upon which the proposed handwritten word
recognition system is based.
An HMM is a model to explain observation sequences
through a set of unobservable hidden states. At each time
step, the state of the model is updated and the model emits an
element in a stochastic process.
To fix the notation, we describe a HMM λ as a tuple
λ = (S, A, B, Π, F ) containing a set of N states S, a
matrix of state transition probabilities A = {aij }, a set
of observation probability distribution functions B, a set of
starting probabilities Π, and a set of final states F ⊂ S.
Following [13], we describe the actual state at time t as qt .
Then aij = P (qt = sj |qt−1 = si ) is the state transition
probability that the model changes from state si to sj .
In order to find S = s1 s2 · · · st , the most likely sequence of
hidden states, given the observation sequence O = o1 o2 · · · oT

Fig. 1. The Viterbi algorithm matches an input sequence o to an HMM,
while taking the state transition probabilities into account. In this example, the
input is matched to a linear word-HMM as a composition of character-HMM.
Allowed state transitions are indicated by arrows, a possible Viterbi path is
highlighted in green.

of length T , we can use the Viterbi algorithm. It makes use of
the Markov property, which states that the probability P (qt =
sj ) of being in a specific state sj at time t depends only on
the observation probability bj (ot ) and the state qt−1 . Hence, it
can be formulated as a dynamic programming (DP) algorithm:
Initialization :
L(1, j)

=

Iteration :
L(t, j)

=

(t = 1)

(1)

max πj · bj (o1 )

(2)

(t = 2, . . . , T )

(3)

max aij · L(t − 1, j) · bj (ot )

(4)

j

i

where L(t, j) is the likelihood to be in state j at time t. The
final step of the algorithm is to find the highest value among
the final states maxj∈F L(T, j).
To recognize a handwritten word using HMMs, we transform the word into a sequence of feature vectors and compare
the likelihood given by the Viterbi algorithm for different
HMMs, one for each possible word. The word whose HMM
results in the highest likelihood is returned. However, training
a distinct HMM for each word is usually unfeasible for large
dictionaries. Thus a common approach is to explicitly model
only single characters and to concatenate those character
models in order to build words.
A common model topology is the the linear HMM approach
in which states are aligned in a total ordering and only
transition to the same state and the next state have non-zero
probabilities. The advantage of this approach is a simple, and
effectively trainable model, which still leads to a powerful
recognition system. A word composed as a concatenation of
linear character-HMM and the relation to DP is shown in
Fig. 1. The input sequence o has to be mapped to the set of
states, while the only allowed paths are shown by the arrows.
Min-Cut/Max-Flow algorithms find solutions to the maximum flow problems in a flow network containing a dedicated
source and a sink node [6]. The solution to the maximum flow
problem is simultaneously also the solution to the Min-Cut
problem of splitting a graph with minimal costs into two parts
leaving the sink node in one of the two parts and the source

node in the other. The cost to be minimized is the sum of the
weights of all edges that have to be removed. Min-Cut/MaxFlow can obtain a globally optimal solution efficiently and
thus has been applied to various optimization problems [12]
including matching tasks between 1D patterns [14], [15], 2D
patterns [3] and 3D patterns [2].
In [16], the use of Min-Cut/Max-Flow to perform DTW to
align the two sequences. This is done by transforming the DP
plane, spanned by x = x1 x2 . . . and y = y1 y2 . . . , into a
graph such that the minimal costs of a Min-Cut represents
the best matching path. In short, this is done by creating
two nodes (a top node and a bottom node) for each position
(xi , yj ), connected by an edge with weight w = c(xi , yj ),
where c(xi , yj ) is the cost of matching xi to yj . Further edges
with a weight w = ∞ are set to limit the path and implement
the constraints, as shown in Fig. 2. The DP plane between
the two sequences with a possible warping path is shown in
Fig. 2(a). The goal of the representation of the DP plan as a
graph (Fig. 2(b)) is to find splitting that separates the lower
right half from the upper left half of the plane. The optimal
solution corresponds to the DP path. In Fig. 2(c), a simplified
version of the graph is shown that permits any path in which
each xi is assigned to exactly one yj value. Furthermore, the
path is restricted to be monotonous increasing with a slope of
either 0 or 1. Note, that cuts respect edge directions, i.e., a
directed edge with an infinite weight can be crossed from one
direction but not the other.
III. V ITERBI -PATH E STIMATION USING
M IN -C UT /M AX -F LOW
The first contribution of this paper is the representation of
the HMM-decoding problem as a Max-Flow/Min-Cut problem. This is achieved my extending the above mentioned
approach [16] to HMM decoding, i.e. aligning the observation
sequence o to the sequence s of hidden states. However, not
only the observation probabilities bj (oi ) (that oi was emitted in
state sj ) but also the state transition probabilities aj,j 0 of going
from state sj to state sj 0 have to be considered (cf. Eqn. 4).
Consequently, for the Max-Flow/Min-Cut representation, the
observation and transition costs have to be modeled through
appropriate edges in the graph. Observation costs are included
in the graph in a straight-forward way by setting the weight
of the edge between the top and the bottom node at position
(oi , sj ) accordingly.
How dedicated edges in the graph can be used to account
for state transition probabilities is best explained with the help
of Fig. 3. The cut, after passing through position (oi , sj ) can
only continue through positions (oi+1 , sj ) or (oi+1 , sj+1 ),
reflecting the property of linear HMM where state the only
permitted transitions from one state are back to the same state
or the next state, as shown in Fig. 1.
One edge corresponding to ajj is placed between the bottom
node of position (oi , sj ) and the top node of position (oi+1 , sj )
for every i = 1, 2, . . . , |o| − 1 (shown as the blue edge in
Fig. 3). Similarly, an edge corresponding to aj,j+1 is placed
between the top node of position (oi , sj ) and the top node

(a) The DP plane and the warping
path on it.
Fig. 2.

(b) The warping path as a Min-Cut/Max-Flow problem.

(c) Simplified view and with added restrictions
to the admissible DP path.

Representing DP as a Max-Flow/Mic-Cut problem in which the two sequences x and y are to be aligned.

can not be guaranteed to be positive.
Therefore, we add a large constant H to the weights of all
observation edges with


X
H = log max
p(o|s)
o∈o,s∈S

to make all weights non-negative. The difference between the
cost of the minimal cut and the Viterbi path is then H ·T , since
the constant H is added once for each element of the input
sequence o = o1 o2 · · · oT . Finally, we subtract this constant
from the cost of the cut to get the same result.
IV. N ON -M ARKOVIAN C ONSTRAINTS
Fig. 3. A cut (green) going through the point (oi , sj ) can only continue
through the points (oi+1 , sj ) and adding −log(ajj ) to the cut costs (blue
edge) or through (oi+1 , sj+1 ) and adding −log(aj,j+1 ) (purple edge).

of position (oi+1 , sj ) (shown as the purple edge in Fig. 3). In
this setup, a cut going from (oi , sj ) to (oi+1 , sj ) cuts the edge
corresponding to ajj , and a cut from (oi , sj ) to (oi+1 , sj+1 )
cuts the edge corresponding to aj,j+1 .
Edge costs are chosen to be the negative logarithm of the
state transition probabilities and observation probabilities to
transform the solution of the Viterbi algorithm – a path with
the maximum product of probabilities – into a solution MinCut problem – a path with a minimum sum of edge costs.
Note, however, that the direct application of this rule can
lead to negative edge costs, which poses a severe problem
to the for the Min-Cut algorithm1 [1]. This is because in
continuous HMM, observation probabilities are represented as
probability density functions p : Rn → [0 : ∞) and − log(p)
1 In fact, allowing negative edge costs could be used to solve the Max-Cut
problem, which is NP complete.

The second contribution of this paper is the introduction
of long-term constraints in the decoding of HMM. A big
advantage of representing the problem as a Max-Flow/MinCut problem is the fact that we can add arbitrary edges
into the graph and still be able to find an optimal path
in polynomial run-time. This is used to restrict the space
of possible paths by adding well-placed edges with infinite
weight. As a consequence, we can add non-Markovian longdistance constraints to the HMM decoding, something that is
not possible with the existing Viterbi decoding.
A. Basic Constraints
Two path limitations, the upper and lower path limit between two positions, can be considered as the fundamental
constraints, which can be implemented with a single edge. In
particular, given the constraint starting position (oi , sj ) and an
observation length t0 , a constraining edge between the bottom
node of (oi , sj ) and the bottom node of (oi+t0 , sj+m ) has the
effect that any path which is in a state sj 0 with j 0 ≥ j at
time t = i has to be in a state sk with k ≥ j + m after t0
further time steps. Hence we can force a lower limit on the
state index at time t = i + t0 conditioned upon qi , the state

Fig. 4. A basic constraints on the path can be imposed with single edges,
in this case a lower constraint. If the path goes through the indicated node it
can not go through the nodes marked in red.

at t = i. Similarly, we can impose upper limits by placing an
edge between the top nodes of two positions.
B. Non-Markovian Constraints for HMM Word Recognition
The constraints implemented in the experimental evaluation
are character duration limits in the context of handwritten
word recognition. As opposed to a maximum state duration,
which can be modeled fairly easily with an appropriate HMM
topology, a limit on the time spent in one character HMM,
without imposing any further constraints on how much time
is spent in each state of this HMM, is far more complex. As a
Max-Flow/Min-Cut problem, however, it is sufficient to insert
edges between the first state and the last state of each character
and the maximum permitted time, as shown in Fig. 5.
Now consider the lower limits defined by edges between
nodes (oi , sj ) and (oi+f ·nc , sj+nc ) where f is a character
length limitation factor, c is a character of the word to be
recognized, j is the position of the first state in the wordHMM and nc is the number of states in the character-HMM
of c. Imposing these restriction for every i = 1, 2, . . . , T − nc
ensures that in the decoding, not more than f · nc observations are assigned to character c, which effectively limits the
maximum length of character c to f · nc .
HMM state duration control is only one effect that can be
realized easily with this approach. Any smoothness-control of
the path, i.e. a maximum and minimum derivation, not only
within characters but in over the entire sequence, can as as
easily be implemented as well.
V. E XPERIMENTAL E VALUATION
By restricting the decoding path through non-Markovian
constraints, we can alter the words recognized by the HMM.
To show how this positively affects the recognition rate, we devised the following experiment. In short, a word in the test set
is recognized several times with different constraints f . Each
time a recognition hypothesis for a word w is returned, resulting in a set of hypotheses {(f1 , w1 ), (f2 , w2 ), . . . , (fn , wn )}.

Fig. 5. Inserting appropriate edges can act as lower (or upper) limit of how
many features are assigned to one character. Here, two different lower limits
are shown. The lower limits for the character length limitation factor f = 1
in red and f = 2 in green.

From the validation set we can estimate for each constraintword tuple (fk , wk ) the recognition accuracy, which we consider as the confidence c(fk , wk ). Finally we chose the output
with the highest confidence.
The imposed long-term constraints are defined by the parameter f , which indicates the maximum allowed character
duration time in multiples of the number of hidden states. As
an example, the character ‘A’ is defined by an HMM with
18 hidden states. Hence a character length limitation factor of
f = 5 would indicate that no more than 90 feature vectors
can be assigned to that character.
The used confidence function c(fk , wk ) is the recognition
rate on the subset of the validation set rval (f, w) whose result
is w when applying the limiting factor f , yet only if enough
(more than τ ) such samples exist:
(
rval (f, w) |w| > τ,
c(f, w) =
f ·d
otherwise.
The values d and τ are free parameters to be optimized. The
reason for setting the fall-back confidence as f · d is, that an
unrestricted recognition works well in the general case. Hence,
without a robust estimation on the impact, a less restricted
decoding is to be preferred.
The exact recognition procedure is given in Fig. 6. The set
of limiting factors was chosen as
F = {2, 3, 4, 5, 6, 7, 8, 9, 10},
and d and τ were validated on the validation set. The dictionary was chosen to contain all words occurring in the
validation and test set, hence the task is closed vocabulary
recognition.
A. Setup
Experiments are conducted using all instances of the 4 000
most frequent words of the IAM off-line database2 [10]. All
2 http://www.iam.unibe.ch/fki/databases/iam-handwriting-database

Require: A word image X; A dictionary of words W ; A
list of path constraints F ; A confidence matrix C(w, f )
Ensure: A recognition hypothesis R ∈ W is returned
1: for all f ∈ F do
2:
for all w ∈ W do
3:
compute P (w, f |x) using Min-Cut/Max-Flow
4:
end for
Consider the best word for each constraint:
5:
6:

T [f ] = arg maxw P (w, f |X)
end for
Find the constraint leading to the highest confidence:

7:

f 0 = arg maxf C(T [f ], f )
Return the word recognized with this constraint:

8:

return T [f 0 ]
Fig. 6.

The recognition procedure

correctly segmented words among the 4 000 most frequent
words according to the LOB corpus [7] are considered. The
three sets, a working set (38 127 words), validation set (5 590
words) and training set (5 342 words) are writer disjunct, thus
any person who contributed words to one of the three sets did
not contribute to any of the other set.
The database itself consists of 1 539 pages of handwritten
English text, written by 657 writers. All pages of the database
are already segmented into individual text lines and words.
The images are normalized prior to recognition in order to
cope with different writing styles. First, the skew angle is
determined by a regression analysis based on the bottom-most
black pixel of each pixel column. Then, the skew of the text
line is removed by rotation. Afterwards the slant is corrected
in order to normalize the directions of long vertical strokes
found in characters like ’t’ or ’l’. After estimating the slant
angle based on a histogram analysis, a shear transformation
is applied to the image. Next, a vertical scaling is applied
to obtain three writing zones of the same height, i.e., lower,
middle, and upper zone, separated by the lower and upper
baseline. To determine the lower baseline, the regression
result from skew correction is used, and the upper baseline
is found by vertical histogram analysis. For more details on
the normalization operations, we refer to [9].
The baseline system is a character-based, linear HMM,
trained on the training set with a variable number of hidden
states per character [18]. The output probability density function is estimated through a mixture of 14 Gaussian distributions.
B. Results
The overall performance of the baseline HMM system
without any path restrictions is 74.28% while the proposed
system performs slightly better at 74.94%. This increase might
be only marginal, but behaves very differently for various
word classes and restriction factors. In Fig. 7 the recognition
accuracy of a few representative word classes and all tested
restricting factors are shown.

Fig. 7. The recognition rate of selected words as a function of the character
length limitation factor f and the reference recognition rate (dotted lines).

For very small values of f , a massive degradation of the
recognition accuracy can be observed. Small values of f
signify tight character duration limits, hence the correct word
might not be valid at all. For large value of f (10 or higher
in these experiments), the duration limit does not have any
effect. Hence, the recognition accuracy as a function of f starts
therefore close to 0, increases, and levels off at the baseline
value. For some of the words, the maximum recognition rate
is significantly higher than the baseline.
Finally, in Fig. 8, a few input words are shown, along with
the recognition output for several values of f . As can be seen
from sample words, small values of f enforce the recognition
of longer words, because a maximum character duration length
implies a maximum word length. If the input image is too
large, short words can not be recognized. On the other end of

extend the idea to more general HMM topologies, beyond the
linear model. Additionally, further applications like keyword
spotting, are also along the possible line of research.
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