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Abstract

This paper investigates improvements of an online hand-
writing stroke-order analysis algorithm — cube search,
based on cube graph stroke-order generation model and dy-
namic programming (DP). By dividing character into radi-
cals, the model is decomposed into intra-radical graphs and
an inter-radical graph. This decomposition considerably
reduces the time complexity of stroke-order search DP. Ex-
perimental results showed an significant improvements in
operational speed. Additionally, recognition accuracy was
also improved by prohibiting unnatural stroke-order.

1. Introduction

There are a variety of reported radical-based online char-
acter recognition algorithms, e.g., [1]-[3]. In this paper, we
report a novel, efficient and stroke-order-free recognition al-
gorithm based on cube search (CS) and radical-based refer-
ence model.

CS algorithm, proposed by Sakoe and Shin [4], [5], is
an effective stroke-order analysis algorithm for online char-
acter recognition. In which, an N -dimensional cube graph
stroke-order generation model is defined for N -stroke char-
acter imposing bijection property on the stroke correspon-
dence. Then, the stroke correspondence search problem
is formulated as an optimal path search problem on the
cube graph. An efficient dynamic programming (DP) is
used to search for the shortest path on the cube graph, with
O(N · 2N−1) time complexity. However, for multi-stroke
character with large N (e.g., Chinese character or Japanese
Kanji character), a more efficient algorithm is hoped for.

It is well known that Kanji characters are composed of
limited number of radicals 1. We redefine the character

1The radical does not remain in the morphological definition. Radicals
in this paper may artificially be designed with the objective of efficiency or
accuracy improvement.

model as a set of component radicals and break down the
analysis process into two levels — radical level and char-
acter level. This decomposition is based on the same prin-
ciple as that of two-level connected speech recognition al-
gorithm by Sakoe [6], [7]. By this reorganization the origi-
nal cube graph is decomposed into several small scale intra-
radical graphs and a small scale inter-radical graph, and al-
lows considerable reduction in complexity. It also allows
a higher recognition accuracy by omitting such unrealistic
stroke transition connecting two consecutive radicals with-
out completing the former radical.

2. Basic Cube Search Method (CS) [4], [5]

2.1. Basic Principle of Stroke Correspon-
dence Search

We define the input character as a stroke sequence,

A = A1A2 . . . Ak . . . AN , (1)

where the kth stroke Ak is the time sequence representation
of local feature (e.g., moving direction and coordinate of
pen-point).

Ak = a1ka2k . . . aik . . . aIk, I = I(k).

Similarly, we define the reference character as,

B = B1B2 . . . Bl . . . BN , (2)

Bl = b1lb2l . . . bjl . . . bJl, J = J(l).

We define stroke distance δ(k, l) = D(Ak, Bl) as the
dissimilarity measure between the input stroke Ak and the
reference stroke Bl, and calculate it by DP-matching [4].
The family of mappings {l = l(k)} generates stroke-order
variations. Therefore, it is a reasonable way to search for the



Figure 1. Cube search graph (N = 4).

optimal stroke-to-stroke correspondence by the following
minimization problem.

D(A,B) = min
{l(k)}

[
N∑

k=1

δ(k, l(k))

]
. (3)

A bijection constraint should be imposed on the mapping
l = l(k) to keep the property of actual stroke-order variation
phenomena.

2.2. Cube Search (CS)

Figure 1 is an example of the mechanism for generat-
ing bijective stroke-order variations. It is an N -dimensional
cube graph for N -stroke character. For each node, an N -bit
binary number is allotted, which identifies each node, and
controls the selection of node-to-node transition (edge) as
flags. The lth bit of the node corresponds to the lth refer-
ence stroke and the flag value 1 means that the lth reference
stroke has already been matched to some of past input stroke
up to k. With input stroke transition k − 1 → k, an edge
is selected which causes a new reference stroke match. Let
the lth reference stroke be matched to the kth input stroke,
for example, then the lth bit of node number is inverted as
0 → 1. With this combination of l and k, the stroke distance
D(Ak, Bl) is imposed to the edge as edge transition cost.

Thus, the calculation of Eq. (3) under bijection con-
straint, is optimum path search on the Fig. 1 cube graph,
starting from the left-most node (00...0) and terminating at
the right-most node (11...1). An efficient DP algorithm can
be applied to this graph search. In DP terminologies, the
input stroke number k stands for stage, the node stands for

state, edge cost or equivalently stroke distance stands for
local cost, and their sum total stands for objective function.
The recurrence equation of DP is formulated as,

G(n) = min
m

[G(m) + δ(k, l)] , (4)

where G is the DP cumulative score, m and n are state num-
bers covering (00...0) to (11...1). In Fig. 1, the character
distance D(A,B) is obtained as G(2N−1) at the right-most
state (11...1).

The time complexity (or the number of edges) of CS is
O(N · 2N−1). In practical implementation, beam search
acceleration technique is used (for more details see [4], [5]).
However, for characters with large N , CS algorithm is still
time-consuming, even when the beam search is resorted to.
In the next section, starting from CS, we derive an efficient
radical-based method to solve the problem.

3. Radical-Based Cube Search

The main idea is described as following: On the basis of
radicals, we redefine the reference character as,

B = R1R2 . . . Rp . . . Rm, (5)

where, Rp is the pth reference radical of B with np strokes,
and

∑m
p=1 np = N . We consider an intra-radical cube

graph, which generates intra-radical stroke-order, for each
of these radicals. We further consider an inter-radical cube
graph which control bijective property of radical-to-radical
correspondence. In the inter-radical cube graph, an edge
stands for a radical, and node flags control the radical-to-
radical match. This reorganization is based upon a rea-
sonable assumption that the stroke transition is unrealistic,
which connects two consecutive radicals without complet-
ing the former radical. Considering the exponential prop-
erty of cube graph complexity, considerable simplification
can be expected, by this reorganization.

Figure 2 gives an example of character “ ”, which is
divided into three radicals “ ”, “ ”, and “ ”. In conven-
tional CS algorithm, for 10-stroke character “ ”, a cube
graph with 10 · 29 = 5120 edges is required. When
decomposition is applied, three radicals “ ”, “ ”, and
“ ” require 32, 12, and 12 edges cube graph, respectively
(see Fig. 2a). The inter-radical cube graph includes 12
edges. By substituting intra-radical graphs for correspond-
ing edges in the inter-radical graph, there exist a total of
4 × 32 + 4 × 12 + 4 × 12 + 12 = 236 edges. Thus, the
computational burden for stroke-order search is consider-
ably reduced.

By applying the two-level DP principle [6], [7], we pro-
pose the following search algorithm comprising a radical
level process and a character level process.



Step 1 Radical Level Process :
Corresponding to np-stroke reference radical pattern,
np-stroke input stroke sequence starting from input
stroke s + 1 is hypothesized as an input radical,

A(s, np) = As+1As+2 . . . As+np
. (6)

A stroke-based CS is carried out between A(s, np) and
reference radical Rp on the intra-radical cube graph to
obtain the dissimilarity between A(s, np) and Rp as
radical distance λ(s, p) = D(A(s, np), Rp). This is
repeated for all possible combinations of s and p.

Step 2 Character Level Process :
Radical distances λ(s, p) are summed up according
to the inter-radical graph, and the optimum path is
searched for which gives the minimum radical distance
sum. This minimum value gives character distance,

D(A,B) = min
p=p(q)

[
m∑

q=1

λ(s, p)

]
. (7)

Constraints are (i) p(q) is bijective and (ii)
∑

np(q) =
N . These constraints are equivalent to the regulation
by inter-radical graph. The minimization is accom-
plished by DP similar to Eq. (4), except for the edge
cost is the radical distance λ(s, p).

In the implementation, some practical techniques can be
applied. From Fig. 2b, we can see that we can limit the cal-
culation of radical distances λ(s, p) to those (s, p), where
the radical Rp follows to the node at k = s. Consider that
some considerable number of radicals are common to dif-
ferent characters. A technique can be implemented where
radical distances of those common radicals are stored in a
suitable table and accessed to when different character is
processed, thus avoiding repeated calculations of the same
radical distance.

4. Design Policy of Reference Character

Complexity of the proposed radical-based cube search
algorithm depends on the design of radical units. A simple
mathematics derives the following minimality condition for
time complexity,

m = n1 = n2 = . . . = nm =
√

N. (8)

Taking into account of the integer approximation of Eq. (8),
the design policy will be to compromise the following re-
quirements.

(1) Radicals in morphological meaning are bases.

(2) Number of radicals m, and the size of each radical np

should be near by
√

N .

(a) Intra-radical cube graphs

(b) Inter-radical cube graph

Figure 2. Radical-based cube search graph
(character “ ”, N=10, m=3, n1=4, n2=n3=3).

(3) When specific radical is frequently written with stroke
transition to external without completing the radical,
the radical is to be divided at the transition point.

5. Experimental Results and Discussions

In order to clarify the effectiveness of the proposed algo-
rithm, we conducted experiments on a workstation (DELL
Precision WorkStation 530, 1.7GHz). A total of 17983
stroke-order-free Kyouiku Kanji (882 classes, 1 — 20
strokes) written by 30 persons were used as test data with
no stroke connection. As the feature information aik and bjl

of each point on the stroke, combination of the coordinates
of the pen-point and eight directional vector approximation
of the stroke direction was used. Based on the policy of



Table 1. Experimental results.

Algorithm Stroke base Radical base

Recog. rate(%) 99.15 99.31

Calculation time of stroke distances(ms) 39 30

Cube search time(ms) 43 10

Average recog. time(ms) 82 40

Table 2. Cube search time for an input “ ”
(ms).

Beam search without with

(a) Stroke base 215.20 5.71

(b) 2 radicals 43.15 6.95

(c) 4 radicals 0.62 0.43

Sec. 4, a set of 1009 reference radicals were designed. By
these radicals reference characters were divided into 1 — 4
reference radicals.

Table 1 shows the experimental results for the con-
ventional stroke-based algorithm and the proposed radical-
based algorithm, including recognition rate, average stroke
distance calculation time, average stroke correspondence
analysis time, and average recognition time. The correspon-
dence analysis speed is considerably improved, contributing
to a significant improvement in recognition speed. Unignor-
able accuracy improvement is also attained.

In order to confirm the validity of the Eq. (8), we tested
morphologically reasonable three decomposition ways of a
character “ ”, shown in Fig. 3. This character is of 16
strokes, and the optimum decomposition is m = 4, n1 =
n2 = n3 = n4 = 4. Type (c) decomposition (m = 4, n1 =
4, n2 = 6, n3 = n4 = 3) with the nearest approximation to
this condition attained the highest speed. The test result is
shown in Table 2.

6. Conclusions

An improved method is described for online handwrit-
ing stroke correspondence search. Stroke-based cube graph
model for generating stroke-orders is decomposed into
intra-radical cube graphs and an inter-radical cube graph.
An efficient two-level DP algorithm is presented for search-
ing for the optimum path on these graphs, which give the
optimum stroke correspondence. By the radical decomposi-
tion, a considerable enhancement in search speed and a sig-
nificant improvement in recognition accuracy are achieved.

Figure 3. Three ways of radical decomposi-
tion of character “ ”.
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