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Abstract

In this paper, a handwritten character recognition

experiment using a monotonic and continuous two-

dimensional warping algorithm is reported. This warp-

ing algorithm is based on dynamic programming and

searches for the optimal pixel-to-pixel mapping between

given two images subject to two-dimensional mono-

tonicity and continuity constraints. Experimental com-

parisons with rigid matching and local perturbation

show the performance superiority of the monotonic and

continuous warping in character recognition.

1. Introduction

One of the central problems in handwritten charac-
ter recognition is how to deal with the deformations of
characters, such as translation, rotation, scaling, and
meaningless nonlinear deformation. One promising ap-
proach to the problem will be the use of an image dis-
tance given by two-dimensional warping (2DW). The
2DW is de�ned as pixel-to-pixel mapping with a min-
imum residual error between given two images. This
minimum residual error can be considered to be an im-
age distance, or dissimilarity, remaining still after �t-
ting one image to the other image, and is expected to
be stable against the above deformations.

The previously reported 2DW techniques for charac-
ter recognition are partitioned into two classes ; para-
metric 2DW [1, 2, 3, 4] and nonparametric 2DW. The
latter, which potentially has more exibility than the
former, can be partitioned into three classes according
to warp optimization strategies, i.e., iterative methods,
local perturbation, and DP.

For nonparametric 2DW based character recogni-
tion, Mizukami et al. [5] have proposed an iterative
algorithm based on a variational method, which has

been successfully applied to contour detection [6]. In
the iterative algorithm proposed by Yanagida et al. [7],
2DW is obtained by falling an elastic membrane made
from an input character image into the bottom of a
potential �eld made from a reference character image
in a step-by-step manner until convergence.

Independent and local search for the best mapping
of each pixel or sub-image, referred to as local perturba-
tion, may be the simplest method for the optimization
of nonparametric mapping [8, 9, 10]. While the local
perturbation requires far less complexity than the other
two class of optimization strategies, the local perturba-
tion often yields excessive deformation even when its
search area is limited to a relatively small range.

Several DP algorithms have been developed for
handwritten character recognition based on nonpara-
metric 2DW [11, 12, 13, 14, 15], motivated by success-
ful applications of DP to the time warping problem in
speech recognition (see e.g., [16]). DP has the follow-
ing advantages : 1) global optimality of its solution,
2) wide varieties of applicable constraints and criteri-
on functions, 3) computational stability, etc. Since the
warps given by these previous DP algorithms are in-
herently one-dimensional, they lack in exibility to �t
actual deformation, especially rotation.

The authors have investigated the general frame-
work for DP-based monotonic and continuous 2DW

[17, 18]. The DP algorithm searches for the opti-
mal 2DW subject to two-dimensional monotonicity and
continuity constraints employed to preserve topological
structure in images.

In this paper, experiments on handwritten character
recognition using the monotonic and continuous 2DW
is reported. Experimental results on a 3680 Hiragana
character image subset of ETL8B show the signi�cant
superiority of the 2DW over rigid template matching
in recognition accuracy. In addition, the validity of
the monotonic and continuous constraints on charac-
ter recognition is quantitatively analyzed in compari-
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Figure 1. Examples of monotonic and continu-
ous 2DW.

son with recognition results given by local perturba-
tion.

2. Monotonic and continuous 2DW

2.1. Problem formulation and DP algorithm

Consider two character images A = fa(i; j) j i; j =
1; . . . ; Ng and B = fb(x; y) j x; y = 1; . . . ; Ng where
pixel values a(i; j) and b(x; y) may be vectors. The op-
timal 2DW betweenA andB is de�ned by the warping
function x = x(i; j), y = y(i; j) which minimizes the
following criterion function

NX
i=1

NX
j=1

�(a(i; j); b(x(i; j); y(i; j))) (1)

where �(�; �) is a pixel distance function. The warping
function is constrained by the two-dimensional mono-
tonicity and continuity constraints de�ned as

0 � x(i; j)� x(i� 1; j) � 2 (2)

0 � y(i; j)� y(i; j � 1) � 2 (3)

jx(i; j)� x(i; j � 1)j � 1 (4)

jy(i; j)� y(i � 1; j)j � 1 (5)

and the boundary conditions de�ned as

x(1; j) = y(i; 1) = 1 (6)

x(N; j) = y(i;N) = N: (7)

These constraints guarantee the 2DW to approximately
preserve the topological structure in images. Figure 1
shows two examples of the 2DW.

Let D(A;B) denote the minimum value of (1).
From the viewpoint of pattern matching, the quan-
tity D(A;B) is a distance between A and optimally
deformed B.

The minimization problem of (1) subject to the con-
straints (2)-(7) can be solved by the following DP al-
gorithm :

[Initialization] for all xy 2XY (1; N)

g(1; N;xy) =
NX
j=1

�(a(1; j); b(x(1; j); y(1; j)))

[Recursion] for all i(> 1), j, and xy 2XY (i; j)

g(i; j;xy) = �(a(i; j); b(x(i; j); y(i; j)))

+ min
xy2XY(xy)

�
g(i� 1; j;xy) if j = 1
g(i; j � 1;xy) otherwise

[Termination]

D(A;B) = min
xy2XY(N;N)

g(N;N;xy)

where XY (i; j) is the set of possible mapppings of
N pixels [(i � 1; j + 1); . . . ; (i � 1; N); (i; 1); . . . (i; j)],
and XY (xy) is the a subset of XY (i; j � 1) whose
element xy satis�es the constraints (2) and (5) for
xy 2 XY (i; j). For more details, see [17, 18].

2.2. Practical improvements

Since the time complexity of the above DP algorith-
m are O(N39N ), one has to resort to a polynomial time
approximation algorithm at the cost of the optimality.
Thus, an approximation algorithm incorporated with
beam search technique has been proposed in [17, 18].
In this approximation algorithm, the R smallest cu-
mulative costs g(i; j;xy) are taken into account as the
active search paths for optimal 2DW, and the remain-
der is pruned o�, at each step i; j. The time complexity
of the algorithm are O(N3R).

In our experiments, penalty functions (,or stabiliz-
ing functional for smoothness) [17] and warp range lim-
itation were employed to avoid unnatural 2DW. Warp
range limitation is a simple technique for rejecting large
deformation and de�ned as constraints on the warping
function, i.e.,

ji� x(i; j)j � w; jj � y(i; j)j � w (8)

where w is a positive integer.

3. Experiments and results

3.1. Database and preprocessing

Recognition experiments were conducted on 46
character categories of Japanese Hiragana alphabet-
s (Fig.2). Character image samples used in the ex-
periments were a subset of the handwritten character
database o�ered by the Electrotechnical Laboratory,



Figure 2. Handwritten Hiragana character set
examples from ETL8B. (46 characters � 2.)

ETL8B, which includes 160 samples for each character
category.

Each character image sample was preprocessed in
the following manner. First, character size was lin-
early normalized so that its circumscribed rectangular
became 64�64. Second, directional feature, de�ned as
the local direction of stroke contour, was detected. S-
ince the directions were quantized into four directions,
each pixel was speci�ed by a �ve dimensional feature
vector including intensity level. Third, each sample
was scaled so that N = 16. Finally, Gaussian blur-
ring and histogram equalization was performed. The
reference imageB of each category was created by sim-
ply averaging 80 preprocessed samples of the category.
The remaining 80 samples of each category were used
as input images A.

We used the pixel distance function de�ned as

�(a(i; j); b(x; y)) = jaI(i; j) � bI(x; y)j

+�
4X

k=1

jakD(i; j) � bkD(x; y)j

where aI(i; j) and bI(x; y) are intensity levels, akD(i; j)
and bkD(x; y) are directional features, and � is a non-
negative weighting coe�cient.

By using rigid template matching, the highest recog-
nition rate of 93:9% was attained at � = 0:5 for the
above data set.

3.2. Recognition using monotonic and con-
tinuous 2DW

A recognition experiment using the monotonic and
continuous 2DW was performed. Based on the exper-
imental result of the previous section, the coe�cien-
t � was �xed at 0.5. The approximation algorithm
discussed in Section 2.2 was used with the beam size
R = 1000. Sun Ultra2 (SPECint 95: 12.3, SPECfp 95:
20.2) required about 3 seconds to obtain the 2DW be-
tween a pair of images. The minimized criterion func-
tion value was directly used as a distance between two

character images. Each input image A was classi�ed
into the category of the reference image B with the
minimum value of this image distance.

Results are shown in Table 1. The highest recogni-
tion rate 96:8% was attained when the penalty func-
tions and the warp range limitation (w = 3) were used.
Comparing rigid template matching and the 2DW at
their highest recognition rates, i.e., 93:9% and 96:8%,
131 samples misrecognized by rigid template match-
ing are correctly recognized by the 2DW. Figure 3(a)
shows four examples of these samples. It can be seen
that the reference images are reasonably deformed to �t
the input images by the 2DW. On the other hand, 27
samples correctly recognized by rigid template match-
ing are misrecognized by the 2DW. Figure 3(b) shows
four examples. It can be seen that the misrecognition
by the 2DW is mainly due to excessive deformation of
the reference images belonging to di�erent categories
rather than inaccurate warping of the reference images
belonging to the same category.

3.3. Comparison with local perturbation

The e�ect of the monotonicity and continuity con-
straints on character recognition can be quantitatively
analyzed in comparison with local perturbation. The
image distance given by local perturbation is de�ned
as the minimum of the criterion function (1) subjec-
t to the boundary conditions (6), (7) and the range
limitation (8). Since there is no mutual dependence
between individual pixel mappings, the minimization
of (1) can be decomposed into N2 independent mini-
mum selections. It is clear that the di�erence between
the monotonic and continuous 2DW and the local per-
turbation is whether the monotonicity and continuity
constraints are present or not.

The recognition rates by the local perturbation are
shown in Table 1. It can be seen that the 2DW con-
sistently attains higher recognition accuracies than the
local perturbation for all warp ranges w. In addition,
as the warp range w increases, the recognition accura-
cy of the local perturbation is signi�cantly degraded,
while that of the 2DW is improved . This fact indi-
cates that the monotonicity and continuity constraints
suppress unrealistic warp even when the warp range is
kept wide enough to �t actual deformation.

4. Conclusions

We experimentally investigated handwritten Hira-
gana character recognition using the monotonic and
continuous two-dimensional warping (2DW) algorithm



Table 1. Recognition rates of the monotonic and continuous 2DW and local perturbation.

warp range w 0 (=rigid matching) 1 2 3 5 1

Monotonic and continuous 2DW (with penalty)

Monotonic and continuous 2DW (without penalty)

Local perturbation

93:9

95:6

94:8

94:3

96:5

96:0

92:8

96:8

95:9

90:0

96:3

95:2

80:6

96:2

94:5

�

(mis)recognized by 
    2DW
(correctly) recognized by 
    rigid template matching

(b)

(mis)recognized by
    rigid template matching
(correctly)  recognized by 
    2DW

reference inputdeformed
reference

(a)

reference inputdeformed
reference

B A B A

Figure 3. Examples of samples misrecognized
by rigid matching and correctly recognized by
monotonic and continuous 2DW (a) , and cor-
rectly recognized by the rigid matching and
misrecognized by the 2DW (b). For simplicity,
directional features of each sample are omitted.

based on DP. The results shows that reference char-
acter images are reasonably �tted to input character
images by the 2DW, thus attaining higher recognition
accuracy than rigid template matching. Experimental
comparisons with local perturbation show the validi-
ty of the two-dimensional monotonicity and continuity
constraints imposed on warping.

Future work will focus on introducing nonuniform
elasticity to each reference character image in order to
suppress excessive deformation. Further reduction of
computational complexity is also to be investigated.
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