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Abstract

A new efficient dynamic programming (DP) algorithm
for 2D elastic matching is proposed. The present DP al-
gorithm requires by far less complexity than previous DP-
based elastic matching algorithms. This complexity reduc-
tion results from piecewise linearization of a 2D-2D map-
ping which specifies an elastic matching between two given
images. Since this linearization can be guided by a pri-
ori knowledge related to image patterns to be matched, the
present DP algorithm often provides sufficient matching as
is shown by experimental results.

1. Introduction

Two-dimensional (2D) elastic matching, or deformable
template is one of the most fundamental techniques for pat-
tern recognition and image analysis [1, 2, 3, 4]. In 2D elas-
tic matching, one image is linearly or nonlinearly warped
and then fitted to another image by a 2D-2D mapping called
2D warping (2DW). Generally, 2DW is determined by solv-
ing a pixel-to-pixel correspondence optimization problem
and therefore the characteristics of the 2DW depend on em-
ployed optimization strategy as well as specification for the
mapping function.

Dynamic programming (DP) is one of the optimization
strategies employed in 2DW problems. DP possesses sev-
eral advantageous characteristics for the 2DW, such as 1)
global optimality of its solution, 2) wide varieties of appli-
cable constraints and criterion functions, 3) computational
stability, etc. Levin and Pieraccini [5] has proposed a DP al-
gorithm which provides monotonic 2DW. Unlike other DP-
based 2DW’s developed by simple combinations of orthog-
onal one-dimensional warpings, such as DP-based stereo
[6] and PHMM [7], the monotonic 2DW can adjust the es-
sentially 2D deformations. From practical viewpoints, how-
ever, there remained two serious problems, i.e., excessive
deformation and prohibitive computations. In order to over-
come these problems, Uchida and Sakoe [8, 9] has proposed

another DP-based 2DW where continuity constraints as well
as the monotonicity constraints are newly incorporated. Un-
fortunately, its computational complexity still remained in
exponential order of image size and therefore one has to re-
sort to approximation algorithms such as beam search DP
[9] at the cost of the optimality.

In this paper, piecewise linear 2DW and its DP algorithm
(PL2DW) are investigated. The present DP algorithm re-
quires far less computations than the conventional mono-
tonic and continuous 2DW algorithm. This complexity re-
duction results from piecewise linearization of the mapping.
In the present PL2DW, the mapping of each column of one
image onto another image is given by linear interpolation
of the mapping of several points, called pivots, prepared on
the column. While this linearization somewhat limits the
fitting ability of the 2DW, the PL2DW provides some suf-
ficient matching for wide class of image patterns. This is
because the linearization can be guided by a priori knowl-
edge related to image patterns to be matched. The knowl-
edge is incorporated into the number and position of the
pivots. Experimental results show that the PL2DW yields
good matchings, if the appropriate pivots are prepared.

2. Piecewise Linear Two-Dimensional Warping

2.1. Pivot and piecewise linearization of mapping

Figure 1(a) illustrates the present PL2DW. Consider two
N � N images A = fa(i; j)g and B = fb(x; y)g. Let
x = x(i; j); y = y(i; j) denote a 2D-2D mapping to be
optimized. In the PL2DW, the mapping of N points of each
column of A onto B is given by linear interpolation of the
mapping of K pivots prepared on the column (Fig.2). In
other words, the ith column of A is bended at K(� N)
points, and each piece between these points is linearly elon-
gated or shortened, and then mapped to B. Thus, at each
column, the PL2DW is controlled by the mapping of K
points, while the conventional monotonic and continuous
2DW [8, 9] (Fig. 1(b)) and the monotonic 2DW [5] are con-
trolled by the mapping of all N points. As is discussed in
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Figure 1. Piecewise linear 2DW (PL2DW, K =
4) (a) and the conventional monotonic and
continuous 2DW [8, 9] (b).
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Figure 2. Mapping of the ith column of image
A.

2.5, this results in enormous difference in their computa-
tional complexity.

Let ji;k denote the j coordinate of the kth pivot prepared
on the ith column ofA and assume

1 = ji;1 < ji;k�1 < ji;k < ji;K = N (1)

and
jji;k � ji�1;kj � 1: (2)

The mapping of point (i; j); j 2 [ji;k�1; ji;k] is given
by the linear interpolation of pivot mapping (xi;k ; yi;k) =
(x(i; ji;k); y(i; ji;k)), i.e.,

x(i; j) = j0 � xi;k + (1� j0) � xi;k�1

y(i; j) = j0 � yi;k + (1� j0) � yi;k�1

�
(3)

where j0 = (j � ji;k�1)=(ji;k � ji;k�1) (Fig.2).
The pivots should be artificially prepared on A before

the optimization of the PL2DW (i.e., the optimization of
pivot mapping). In order to minimize the distortion caused

by the piecewise linearization, it is desirable to arrange the
pivots according to a priori knowledge related to the bend-
ing characteristics of image patterns to be matched. In other
words, the PL2DW has the ability to obtain accurate match-
ings by incorporating the a priori knowledge into the pivot
arrangement.

2.2. Constraints on mapping

Meaningful deformations generally preserve the topo-
logical structures of the image patterns. Therefore, the fol-
lowing monotonicity and continuity constraints are imposed
on the pivot mapping

0 � xi;k � xi�1;k � 2
jyi;k � yi�1;kj � 1
0 � yi;k � yi;k�1 � 2(ji;k � ji;k�1)

9=
; : (4)

When these constraints hold, the pivots which form K con-
tinuous loci on A by (2), are mapped on B resulting K
(approximately) continuous loci. It is clear that the mono-
tonicity and continuity relation between non-pivot points is
also preserved under these constraints.

Unless otherwise mentioned, the following boundary
conditions are imposed on the mapping :

x1;k = yi;1 = 1
xN;k = yi;K = N

�
: (5)

Additionally, if it is known that the deformation of the
image patterns is relatively small, the warping accuracy can
be improved by warp range limitation,

jxi;k � ij � w
jyi;k � ji;kj � w

�
(6)

where w is a nonnegative constant specifying warp range.

2.3. Criterion function

Assume that the mapping of the ith column of image A
is evaluated by

d((xi;1; yi;1); : : : ; (xi;k ; yi;k); : : : ; (xi;K ; yi;K) j i) =

ji;KX
j=ji;1

ja(i; j)� b(x(i; j); y(i; j))j: (7)

Then the optimal PL2DW is defined as the pivot mapping
f(xi;k; yi;k)g which minimizes the criterion function

NX
i=1

d((xi;1; yi;1); : : : ; (xi;k; yi;k); : : : ; (xi;K ; yi;K) j i)

subject to the constraints (4)–(6). Let D(A;B) denote
the minimum value of the criterion function. The quantity



/* Initialization */
1 for all [y1;2; : : : ; y1;K�1] where jy1;k � j1;kj � w do
2 g((1; y1;1); : : : ; (1; y1;k); : : : ; (1; y1;K) j 1) := d((1; y1;1); : : : ; (1; y1;k); : : : ; (1; y1;K) j 1)

/* Recursion */
3 for i := 2 to N do
4 for all [(xi;1; yi;1); : : : ; (xi;k ; yi;k); : : : ; (xi;K ; yi;K)] where jxi;k � ij � w and jyi;k � ji;k j � w do
5 g((xi;1; yi;1); : : : ; (xi;k ; yi;k); : : : ; (xi;K ; yi;K) j i) := d((xi;1; yi;1); : : : ; (xi;k ; yi;k); : : : ; (xi;K ; yi;K) j i)

+ min
[(p1;q1);:::;(pK ;qK)]

(pk;qk)2�k

g
�
(xi;1 � p1; yi;1 � q1); : : : ; (xi;k � pk; yi;k � qk); : : : ; (xi;K � pK ; yi;K � qK) j i� 1

�

/* Termination */
6 D(A;B) := min

[yN;1; : : : ; yN;k; : : : ; yN;K]
g((N; yN;1); : : : ; (N; yN;k); : : : ; (N; yN;K) j N)

Figure 3. DP algorithm for the PL2DW.

D(A;B) gives a distance betweenA and optimally warped
B, i.e., fb(x(i; j); y(i; j))g.

In the calculation of (7), the nearest integer coordinates
(bx(i; j) + 0:5c; by(i; j) + 0:5c) are used instead of non-
integer coordinates (x(i; j); y(i; j)) given by (3).

2.4. DP algorithm

A DP algorithm for the PL2DW is described in
Fig.3. This algorithm searches for the optimal pivot map-
ping f(xi;k; yi;k)g which specifies the optimal PL2DW
between A and B as the optimal state transition
sequence of the multistage decision process where
stage, state, and state transition cost are denoted as
i, ((xi;1; yi;1); : : : ; (xi;k ; yi;k); : : : ; (xi;K ; yi;K) j i), and
d((xi;1; yi;1); : : : ; (xi;k ; yi;k); : : : ; (xi;K ; yi;K) j i), respec-
tively. Step 5 in Fig.3 is the so-called DP-recursion where
�k = f(pk; qk) j pk = 0; 1; 2; qk = �1; 0; 1g for 1 < k <
K and �k = f(0; 0); (1; 0); (2; 0)g for k = 1 and K.

While back pointer and backtracking operations to ob-
tain the optimal pivot mapping are omitted from the algo-
rithm description of Fig.3, the readers can easily provide
these operations.

2.5. Computational complexity

The computational complexity of the above DP algo-
rithm is O(NW 2K(9K + N)) where W = 2w + 1. Al-
though this is an exponential order of K, the PL2DW gen-
erally requires far less computations than the conventional
monotonic and continuous 2DW [8, 9] whose computa-
tional complexity is an exponential order of image size N .
This is because for many patterns some small K is suffi-
cient to represent their shape variations, as is shown by the
experiments in the next section. In such cases, the PL2DW
becomes tractable enough even if image size N is large.

It should be noted that the DP algorithm for the PL2DW
problem is not unique. In fact, by referring [9], another
(slightly complicated) DP algorithm where stage is denoted
as (i; k) instead of i can be developed. If this DP algorithm
is used, the time complexity is reduced to O(NW 2K(9K+
N)). In the following experiment, this DP algorithm and its
approximation algorithm were used.

3. Experimental Results

Figure 4 shows examples of the PL2DW obtained be-
tween 64�64 gray scale images with uniform backgrounds.
The warp range w was fixed at 10. Under this condition,
Sun Ultra2 (SPECint 95:12.3, SPECfp 95:20.2) required
about 2:5 and 150 seconds for K = 2 and K = 3, respec-
tively. It should be noted that it is practically impossible
to obtain the conventional monotonic and continuous 2DW
[8, 9] as well as the monotonic 2DW [5], between a pair of
64� 64 images even when w = 1. For (g), where K = 5,
an approximation algorithm incorporated with beam search
technique was used. In this algorithm, search width, i.e., the
number of active states on each stage was limited to 1000
according to their cumulative cost g. Sun Ultra2 required
about 4:5 seconds for this algorithm.

The results (a)–(d) suggest that the PL2DW often pro-
vides sufficient matching even when K is very small. Es-
pecially in (d), only two pivots were arranged on the both
sides of each row ofA. While this result shows slightly less
accurate matching than (c), the slant of the characters onB
was reasonably corrected.

The results (e)–(g) show the relation between pivot ar-
rangement and warping accuracy. The difference between
(e) and (f) suggests that the position of pivots affects the
warping accuracy. In (f), since pivots were not arranged on
the center of the face, the distortion caused by the lineariza-
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Figure 4. Experimental results of the PL2DW.

tion becomes evident. The difference between (e) and (g)
suggests that the increase of the number of pivots improves
the warping accuracy. In fact, the distance D(A;B) of (g)
was smaller than that of (e).

In (g), the first and Kth (i.e., 5th) pivots are not impor-
tant. When these two side-pivots are removed, the PL2DW
works as an elastic image pattern spotting technique.

4. Conclusion

In this paper, a DP-based algorithm for piecewise lin-
ear two-dimensional warping (PL2DW) was proposed. In
the PL2DW, the mapping of each column of one image
to another is given by linearly interpolating the mappings
of several pivots prearranged on the column. Because of
this linearization, the complexity of the present DP algo-
rithm becomes far less than that of the previous DP-based
2DW algorithm [9]. While the linearization slightly limits
the fitting ability of the 2DW, experimental results showed

generally sufficient matching. This is because the pivots
which guide the linearization can be prepared according to
the knowledge related to image patterns to be matched.
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