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Abstract

A fast elastic matching based handwritten character
recognition method is investigated. In the present method,
an unconstrained elastic matching technique, where the
matching is optimized locally and individually on each
pixel, is utilized together with its a posteriori evaluation
based on the eigen-deformations of handwritten characters.
Our experimental results show that high recognition rates
can be attained by the present method with feasible compu-
tations.

1. Introduction

Elastic matching, or deformable template is a promising
technique for handwritten character recognition because it
ideally provides a deformation-invariant distance or similar-
ity between input and reference patterns. The central prob-
lem of elastic matching is the optimization of pixel-to-pixel
mapping between those two patterns. Thus, the character-
istics of elastic matching, such as flexibility and computa-
tional complexity, depend on the formulation and the opti-
mization strategy of the mapping.

The purpose of this paper is to present a practical hand-
written character recognition method based on a fast elastic
matching technique, hereafter called unconstrained elastic
matching. The unconstrained elastic matching is based on a
local and individual (i.e., unconstrained) optimization strat-
egy of the mapping. Specifically, for each pixel on the in-
put pattern, its corresponding pixel on the reference pattern
is searched individually within its neighborhood. This op-
timization strategy provides the superiority of the uncon-
strained elastic matching in computational efficiency.

Although several unconstrained elastic matching tech-
niques (sometimes referred to as the shift similarity method
[7]) were already proposed in the dawn of elastic matching
based character recognition [6, 15], they have been substi-

tuted by less flexible and often slower elastic matching tech-
niques where the mapping is two-dimensionally constrained
(e.g., [4, 5, 8, 10, 11, 12]) or modeled by a two-dimensional
(parametric) functions (e.g., [2, 16]). This is probably be-
cause the unconstrained elastic matching has the overfitting
problem that the distance between an input pattern and an
incorrect reference pattern is underestimated and thus in-
creasing recognition errors. While any elastic matching
technique has the overfitting problem to a certain extent,
the unconstrained elastic matching has the most serious and
inevitable one due to its local and individual optimization
strategy.

In order to revive the unconstrained elastic matching
by relieving the overfitting problem, we utilize the fact
that there exist intrinsic deformations within each charac-
ter category. For example, in category “A”, global skews
and vertical shifts of its horizontal stroke are often ob-
served. Hereafter, such intrinsic deformations are called
eigen-deformations. It can be considered that any over-
fitting results from a mapping deviated from the eigen-
deformations. For example, the mapping which fits “A” to
“R” will not be expressed by a combination of the eigen-
deformations of “A”.

The present recognition method is illustrated in Fig.1.
The method consists of two processes: a training process
and a recognition process. The eigen-deformations esti-
mated in the training process using the unconstrained elastic
matching are utilized in the recognition process to evaluate
the result of the same unconstrained elastic matching be-
tween input and reference patterns. Note that the method
of Fig.1 is general in the sense that any other elastic match-
ing technique can be employed. For example, for higher
recognition rates at the cost of speed, one can choose a con-
strained or parametric elastic matching techniques instead.
(The result of a recognition experiment with a constrained
elastic matching technique will be precisely reported in
[14].)

The idea of the eigen-deformations is motivated by
Cootes et al.[1] and Naster et al.[9] but different from their
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Figure 1. Diagram of the present recognition
method.

work in (i) applying the eigen-deformations for a charac-
ter recognition task, and (ii) emphasizing the dependency
between the employed elastic matching and the resulting
eigen-deformations. Especially for (ii), our experiment will
show that the eigen-deformations estimated from the un-
constrained matching are not compatible with those from
the constrained matching.

This paper is organized as follows. In Section 2, the
unconstrained elastic matching and its overfitting problem
are described. In Section 3, the details of the present
recognition method of Fig. 1 are given. Finally, experi-
mental results are provided in Section 4 to show that the
present recognition method using the fast unconstrained
elastic matching and the eigen-deformations can attain high
recognition rates with feasible computations.

2. Unconstrained Elastic Matching

Elastic matching between two I × I images A =
{a(i, j)} and B = {b(x, y)} is generally formulated as
the following minimization problem

Dorg(A, B) = min
{(xi,j ,yi,j)}

I∑
i=1

I∑
j=1

δ(a(i, j), b(xi,j , yi,j))

(1)
where variables (xi,j , yi,j) are the mapping of the pixel
(i, j) and δ(·, ·) is a distance function between two feature
vectors. The value Dorg(A, B) can be considered as a de-
formation invariant distance between A and B and thus can
be immediately used as a discriminant function in character
recognition tasks.

Although elastic matching techniques usually employ
several constraints on the mapping to control the flexibil-
ity, the unconstrained elastic matching technique employs
no constraints except for boundary constraints and the fol-

lowing maximum displacement limitation

|xi,j − i| ≤ w, |yi,j − j| ≤ w, (2)

where w is a positive integer specifying maximum displace-
ment. Since these constraints are unary, that is, do not limit
the relation between two or more pixel mappings, the min-
imization problem of (1) can be decomposed into I 2 indi-
vidual subproblems, i.e.,

Dorg(A, B) =
I∑

i=1

I∑
j=1

[
min

(xi,j ,yi,j)
δ(a(i, j), b(xi,j , yi,j))

]
.

(3)
The computational complexity for the unconstrained

matching is O(I2w2) since each of I2 subproblems requires
search efforts of O(w2). Thus, the unconstrained elastic
matching is far faster than other fully two-dimensional elas-
tic matching techniques [5, 12] which require computations
exponentially increasing with I. Furthermore, this com-
plexity is comparable to or also lower than those of pseudo
two-dimensional elastic matching techniques [4, 8, 11].

In spite of its computational efficiency and sufficient
flexibility, the unconstrained elastic matching is rarely em-
ployed recently in handwritten character recognition. This
is probably because of its overfitting problem. For exam-
ple, the unconstrained elastic matching may closely fit char-
acters with topologically different shapes, such as “A” and
“H”. In addition, the unconstrained elastic matching often
undergoes a serious overfitting where a stroke is partially or
entirely skipped by the gap (i.e., discontinuity) in the map-
ping. For example, a character of “L” may be easily fitted
to “U” by skipping the right vertical part of “U”.

3. Recognition Using Eigen-Deformations

In this section, the training process and the recognition
process of the present recognition method shown in Fig.1
are described in detail. The aim of the present method is the
relief of the overfitting problem in the unconstrained elas-
tic matching by newly incorporating a posteriori evaluation
based on the eigen-deformations.

3.1. Training process

The training process where the eigen-deformations are
estimated in a statistical way is decomposed into two parts:
automatic collection of the deformations of handwritten
characters using the unconstrained elastic matching, and
principal component analysis (PCA) of the collected defor-
mations to estimate the eigen-deformations.

Let {Ac,n | n = 1, . . . , N} denote the set of training
patterns of category c ∈ {1, . . . , C} and B c denote the
reference pattern of the same category c created by simply
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averaging several samples. The deformation in Ac,n can
be represented as vc,n = ((1 − x1,1, 1 − y1,1), . . . , (i −
xi,j , j−yi,j), . . . , (I −xI,I , I −yI,I )) where {(xi,j, yi,j)}
is obtained as the result of the unconstrained elastic match-
ing between Ac,n and Bc. Hereafter, this vector vc,n is
called the displacement field and its dimension is denoted
as M . (Here, M = 2I2.) Thus, applying the unconstrained
elastic matching to N training patterns and one reference
pattern, N displacement fields are automatically collected
as V c = {vc,1, . . . , vc,n, . . . , vc,N}.

The eigen-deformations of category c are defined as
the principal components of the distribution of displace-
ment fields in V c. Letting Σc be the covariance matrix
of the displacement fields in V c, the principal components
of V c, i.e., the eigen-deformations of category c are the
M -dimensional eigenvectors of Σc and denoted as {uc,1,
. . . , uc,m, . . . , uc,M}. The eigenvalues of Σc, denoted as
{λc,1, . . . , λc,m, . . . , λc,M} (λc,m ≥ λc,m+1), represent the
contribution of each eigen-deformation.

3.2. Recognition process

In the recognition process of the present method, the fol-
lowing distance is used as the discrimination function of
unknown input A instead of the direct use of Dorg(A, Bc),

Deigen(A, Bc) = (1−α)Dorg(A, Bc)+αP (A, Bc) (4)

where α is a constant (0 ≤ α ≤ 1). The term P (A, Bc)
is a posteriori evaluation term of the resulting displace-
ment field v of the unconstrained elastic matching to obtain
Dorg(A, Bc), and defined as the Mahalanobis distance, i.e.,

P (A, Bc) = (v − vc)T Σ−1
c (v − vc)

=
M∑

m=1

〈v − vc, uc,m〉2
λc,m

, (5)

where vc is the average displacement. In case of over-
fitting, since the displacement field v will not agree with

the eigen-deformations {uc,m}, the distance P (A, Bc) be-
comes large. Thus, Deigen(A, Bc) becomes also large and
A will not be discriminated into incorrect category c.

It is well known that the numerical and the estima-
tion errors of higher-order eigenvalues are amplified in (5).
Thus, in our experiment, a modified Mahalanobis distance
[3] was employed where the higher-order eigenvalues λc,m

(m = M ′ + 1, . . . , M ) are replaced by λc,M ′+1. In the
following experiments, the parameter M ′ was manually op-
timized as well as α.

4. Experimental Results

4.1. Database

Experiments were conducted on 26 character categories
of capital English alphabets. For each category, 1100 hand-
written character samples of database ETL6 [17] were pre-
pared. Firstly, four-dimensional directional features [7] to-
gether with one-dimensional gray-level feature were ex-
tracted as pixel features. Secondly, the character region of
each sample was linearly scaled to 16× 16 and added pixel
margins to be I = 20. Finally, for each category c, one ref-
erence pattern Bc was created by simply averaging the first
100 samples. The next 500 samples were used as training
samples {Ac,n} in the eigen-deformation estimation of 4.5.
The remaining 500 samples were used as test samples A in
the recognition experiment of 4.6.

According to the above feature extraction procedure, the
distance δ in (3) was defined as a weighted L1 distance be-
tween two five-dimensional vectors, i.e.,

δ(a(i, j), b(x, y)) = |aI(i, j) − bI(x, y)|

+ η

4∑
d=1

|ad(i, j) − bd(x, y)|

where subscripts “I” and “d” denote the intensity feature
and the four directional features, respectively. The weight-
ing coefficient η was fixed at 0.4 according to a result of an
preliminary experiment.

4.2. Piecewise linearization of matching

In our experiments, a piecewisely linearized version of
the unconstrained elastic matching was used. As shown in
Fig.2, the mapping of pixels on each column of A is ap-
proximated by the linear interpolation of the mapping of
several pixels, called pivots, pre-specified on the column.
In the experiments, three pivots were regularly placed at
j = 1(bottom), 10(center), and 20(top) on each column.

This linearization is meaningful to obtain reliable eigen-
deformations from a limited number of the training patterns
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since the mappings of non-pivot pixels are linearly depen-
dent on pivot mappings and thus the dimension M can be
reduced from O(I2) to O(I). Specifically, in our case,
M is reduced from 800 to 74 (where the boundary condi-
tions are also considered). Furthermore, this linearization is
meaningful to improve the fundamental recognition accu-
racy of the unconstrained elastic matching, since the chance
of overfitting in the vertical direction can be reduced. In
fact, the recognition rates without the linearization were far
below 90% at w ≥ 2, whereas those with the linearization
were constantly over 90% (as we shall see in 4.6).

As for computational complexity, the linearization
slightly increases the computations for the matching from
O(I2w2) to O(I2w3) but decreases the computations for
the evaluation term P (A, Bc) from O(I4) to O(I2).
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4.3. Constrained elastic matching for comparison

As noted in Section 1, the unconstrained elastic matching
can be replaced by any other elastic matching techniques in
the present method. In the following experiments, the con-
strained elastic matching technique proposed in [10, 13]
was employed for comparison. This constrained elastic
matching is perfectly the same as the above linearized un-
constrained elastic matching except for several constraints
on the mapping of adjacent pivots to preserve the topologi-
cal structure (continuity and monotonicity) in the horizontal
direction.

4.4. Comparison of computation time

Theoretically, the unconstrained elastic matching is
faster than the constrained one because their computational
complexities are O(I2w3) and O(I2w4), respectively. This
superiority is confirmed by the experimental result of Fig.3
where the matching time on a PC (Pentium III, 750MHz) is
shown as a function of maximum displacement w. The un-
constrained matching is always faster than the constrained
one and their difference becomes larger according to w.
Note that this superiority will become overwhelming one
when more pivots are used. In the extreme case of I pivots
on each column (i.e., no piecewise linearization), the com-
plexities of the unconstrained and the constrained matching
techniques are O(I2w2) and O(I39I), respectively.

4.5. Estimation of eigen-deformation

The eigen-deformations was experimentally estimated
according to the process described in 3.1. For each cate-
gory c and for each w ∈ {1, 2, . . ., 5}, the piecewise lin-
ear unconstrained elastic matching was performed between
one reference pattern (Bc) and each of 500 training pat-
terns (Ac,n) and the resulting 500 displacement fields (v c,n)
were subjected to PCA to obtain 74 eigen-deformations
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Figure 7. Three input samples A misrecog-
nized to Bc by the conventional distance
Dorg(A, Bc). These samples were success-
fully recognized using the present distance
Deign(A, Bc).

uc,m. Figure 4 shows the several reference patterns de-
formed by estimated eigen-deformations at w = 2. For
example, the skew transformation was extracted as the first
eigen-deformation of “A”.

Figure 5 shows the cumulative proportions of eigen-
deformations obtained by the unconstrained and the con-
strained elastic matching techniques, where each value is

the average of 26 categories. This result indicates that in
both techniques the cumulative proportion is saturated with
a small number of eigen-deformations and thus there are
certain deformation tendencies in handwritten characters.
From this result, it can be also observed that there is a differ-
ence between two techniques in the speed of the saturation.
Since a slow saturation means that the displacement fields
are scattered in the M dimensional space, this difference in-
dicates that the unconstrained elastic matching technique is
more unstable than the constrained elastic matching.

4.6. Recognition results

Recognition experiments were conducted using 500 test
samples for each category. Figure 6 (a) shows the recog-
nition rates attained by the linearized unconstrained elastic
matching with or without a posteriori evaluation using the
above eigen-deformations. The recognition rates without
the a posteriori evaluation (i.e., the discrimination based on
Dorg(A, Bc)) were drastically degraded along with the in-
crease of w. Especially for w ≥ 2, the recognition errors of
“L” → “U” were very serious and the recognition rates were
lower than that of the rigid matching (w = 0). As noted in
Section 2, these recognition errors were due to the overfit-
ting of the unconstrained elastic matching. Other recogni-
tion errors over 10 samples at w = 2 were “F”→ “P” and
“N”→ “M”. Figure 7 shows three input samples misrecog-
nized without the a posteriori evaluation. Their matching
results also shown in this figure clearly express the overfit-
ting to incorrect references.

On the other hand, using the unconstrained elastic
matching with the a posteriori evaluation (i.e., the discrimi-
nation based on Deigen(A, Bc)), recognition rates were sig-
nificantly improved and constantly around 99%. The input
samples of Fig.7 were correctly recognized. There was no
conspicuous recognition error over 10 samples at all w ex-
cept for 16 samples of “L” → “U” at w = 5. It is worth to
note that the recognition rates were not highly sensitive to
the parameter α of (4) since their changes with respect to α
were unimodal for all w.

The effect of the a posteriori evaluation on the reduc-
tion of the overfitting was confirmed in another way. Fig-
ure 8 shows the effect of elastic matching on the positional
relations between input and reference patterns. Among
these four cases, the case (d) where the input pattern is
correctly recognized without elastic matching and misrec-
ognized with elastic matching is most obviously express-
ing the overfitting. In our experimental result at w = 2 of
Fig.6(a), the number of samples falling into (d) was reduced
from 504 to 43 by a posteriori evaluation. Moreover, the ra-
tio of the recognition errors in (d) to the entire recognition
errors (i.e., (d)/ ((c) + (d)) ) was reduced from 80% to 36%.

Figure 6(b) shows the recognition rates attained by
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the constrained elastic matching. In this case, the
eigen-deformations were estimated also using the same
constrained elastic matching. The comparison between
Fig.6(a) and (b) shows that the unconstrained matching with
the a posteriori evaluation can attain recognition rates com-
parable to the constrained matching, and the present method
is a reasonably practical technique, considering the superi-
ority in computational efficiency.

Another experiment was conducted where the eigen-
deformations estimated from the constrained matching
were used in the recognition process with the unconstrained
matching. The resulting recognition rates were unstable and
always lower than those with the eigen-deformations from
the unconstrained matching. Especially at w = 2, which
is the worst case among w ∈ {1, 2, . . ., 5}, the recognition
rate was about 95% and this means that a posteriori evalu-
ation could not improve the recognition rate. Thus, this re-
sult indicates that the eigen-deformations from the uncon-
strained matching are not compatible with those from the
constrained matching.

5. Conclusion

A practical handwritten character recognition method
based on a fast and classical elastic matching technique,
called unconstrained elastic matching, was presented. Al-
though the unconstrained elastic matching has been substi-
tuted by slower constrained ones due to its serious overfit-
ting problem, our experimental results encourage its revival.
Specifically, the results showed that the unconstrained elas-
tic matching together with a posteriori evaluation based on
eigen-deformations can attain the recognition rates compa-
rable to the constrained one, with less computations.
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