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Abstract For stroke-order free online multi-stroke char-
acter recognition, stroke-to-stroke correspondence search be-
tween an input pattern and a reference pattern plays an im-
portant role to deal with the stroke-order variation. Although
various methods of stroke correspondence have been pro-
posed, no comparative study for clarifying the relative su-
periority of those methods has been done before. In this pa-
per, we firstly review the approaches for solving the stroke-
order variation problem. Then, five representative methods of
stroke correspondence proposed by different groups, includ-
ing cube search (CS), bipartite weighted matching (BWM),
individual correspondence decision (ICD), stable marriage
(SM), and deviation-expansion model (DE), are experimen-
tally compared, mainly in regard of recognition accuracy and
efficiency. The experimental results on an online Kanji char-
acter dataset, showed that 99.17%, 99.17%, 96.37%, 98.54%,
and 96.59% were attained by CS, BWM, ICD, SM, and DE,
respectively as their recognition rates. Extensive discussions
are made on their relative superiorities and practicalities.

Keywords cube search, bipartite weighted matching, indi-
vidual correspondence decision, stable marriage, deviation-
expansion model

1 Introduction

Online handwriting recognition is gaining renewed interest
because of the new development of new pen devices and their

applications. An important distinction between online and of-
fline handwriting recognition (or OCR) is the fact that spatial
and temporal information are available in the former, while
only spatial information is available in the latter. For the on-
line case, character patterns are expressed as the trajectory
of pen tip motion during writing. For the offline case, the
patterns are expressed as scanned images and recognized by
conventional OCR techniques.

A practical online handwriting recognition system should
be stroke-order free to cope with characters with stroke-order
variation. In fact, for multiple stroke characters like Chi-
nese characters or Japanese Kanji characters, the number of
strokes of a single character often exceeds 20 and their stroke-
order varies in many ways.

Although there are several researches for solving the
stroke-order free recognition problem, the problem has not
been solved yet. Moreover, since no extensive comparative
study has been made so far, none knows the relative char-
acteristics and performance of the past approaches. In other
words, there has been no research which helps to choose the
most suitable stroke-order free recognition approach for indi-
vidual applications.

The main contributions of this paper are twofold.

• A review is made to clarify the relative superiority of
stroke-order free recognition approaches from the view-
points of recognition accuracy and efficiency.

• Especially for stroke correspondence approach, which
is theoretically the most reliable approach among sev-
eral approaches, we conduct a quantitative and qualita-
tive evaluation of five representative methods through
an experiment using 17,983 Japanese online handwrit-
ing character (i.e., Kanji) samples.
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To cope with stroke-order variation, several approaches,
such as multiple prototype approach, offline feature ap-
proach, and stroke correspondence approach, have been pro-
posed. Our investigation shows that, in the past decade, the
conventional multiple prototype approach was frequently re-
ported, especially for Hidden Markov Models (HMMs) based
methods. This approach is simple and prepares several pro-
totypes with typical stroke-order variations for each class. It
might be attributed to the emerging application of HMMs in
online handwriting recognition during recent years, for which
is short of effective strategy to cope with stroke-order varia-
tion. The offline feature approach was also intensively stud-
ied in the past decade and gave exciting recognition result.
This approach converts the motion trajectory into a 2D image
to avoid stroke-order variation problem. The stroke corre-
spondence approach, which was intensively studied in 1980s
and 1990s, is the traditional strategy to cope with stroke-order
variation. This approach first optimizes the stroke correspon-
dence between an input pattern and a reference pattern and
then evaluates the dissimilarity between those patterns. How-
ever, few studies on stroke correspondence approach were re-
ported during recent years.

In this paper, we focus on the stroke correspondence ap-
proach. Although the multiple prototype and offline feature
approaches were frequently reported during recent years be-
cause of their promising results, the stroke correspondence
approach still has the following unreplaceable characteristics:

• It is theoretically the most reliable approach among sev-
eral approaches, because it can give the globally optimal
or suboptimal stroke correspondence.

• It is possible to estimate the actual stroke-order of the in-
put pattern explicitly and thus useful to analyze stroke-
order variation, which is important information to iden-
tify the writer, to give a hint for more beautiful hand-
writing, and so on.

• The stroke correspondence approach can cope with even
rare stroke-order variations of each class.

• The technique to establish the stroke correspondence is
still very important because it can be applied into the
various fields that need order analysis of feature se-
quences, such as DNA analysis, gesture recognition, etc.

Since the stroke correspondence approach is formu-
lated as an optimization problem, its characteristics de-
pend on its optimization criterion and optimization strat-
egy. Several research groups have proposed promising stroke
correspondence-based methods for stroke-order free online
handwriting recognition, based on different formulations of

the optimization problem.
In this paper, a comparative study is made to clarify the

relative superiority of representative stroke correspondence-
based methods from the viewpoints of recognition accuracy
and efficiency. Specifically, we pick up the following five
methods:

• The cube search method (CS) by Sakoe and his col-
leagues [1].

• The bipartite weighted matching method (BWM) by
Hsieh et al. [2].

• The individual correspondence decision method (ICD)
by Wakahara and his colleagues [3, 4].

• The stable marriage method (SM) by Yokota et al. [5].
• The deviation-expansion model method (DE) by Lin et

al. [6].

Note that our comparative experiments adhere to “stroke-
number fixed" condition, where no stroke concatenation oc-
curs. This is because we try to concentrate on the influence of
stroke-order variations on recognition performance of those
methods.

In the following, we begin with a brief review on the meth-
ods of online handwriting recognition in Section 2. In Sec-
tion 3, the basic principle of stroke correspondence search
and some details of the above five methods are summarized.
Our test results will be presented in Section 4. Section 5 gives
our analysis and an extensive discussion on the five methods,
and Section 6 provides some concluding remarks.

2 Review of stroke-order free methods of on-
line handwriting recognition

In online handwriting recognition, the problem of stroke-
order variation has been studied for many years. Various
methods have been published to solve the problem [7]. As
shown in Fig. 1, we roughly divide the methods of dealing
with stroke-order variations into three classes, i.e., multiple
prototype, offline feature and stroke correspondence. Further-
more, we divide the stroke correspondence approach into two
classes, i.e., optimal approach and suboptimal approach.

2.1 Multiple prototype approach

The multiple prototype approach is the simplest approach to
cope with stroke-order variations. In this approach, several
prototypes with different stroke-order variations are prepared
for every class. In general, the patterns with typical stroke-
order variations are collected as the prototypes. When recog-
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stroke order-free recognition methods 

multiple prototype offline feature stroke correspondence

optimal suboptimal

• J.J. Lee, 2001
• M. Nakai, 2003
• M. Nakai, 2001

• H. Tanaka, 1999
• H. Oda, 2006 

• H. Sakoe, 1997
• Y. Katayama, 2008
• A.J. Hsieh, 1995
• J. Liu, 1996
• J. Zheng, 1997
• J. Zheng, 1999

• K. Odaka, 1982
• J.W. Chen, 1996
• K.S. Chou, 1996
• M.J. Joe, 1995
• T. Yokota, 2003
• C.K. Lin, 1993

Fig. 1 Classification of methods of dealing with stroke-order variation.

nizing an input pattern, the most similar prototype is simply
selected and then the input pattern is recognized as the class
of the prototype.

Lee et al. [8] have proposed a method based on the mul-
tiple prototype approach using HMMs. First, each online
character pattern is represented as a sequence of straight-line
segments (i.e., stroke), and modeled by HMM. Then, typi-
cal stroke-orders of each class are selected by clustering the
training pattern of the class. For each of the selected stroke-
order, an individual HMM is prepared. Consequently, the
multiple HMMs are prepared for each class. Further, for effi-
cient representation of variations, those HMMs are combined
to form a single HMM architecture, called a multiple parallel-
path HMM [8].

In [9], Nakai et al. proposed a multiple prototype ap-
proach with a hierarchical structured dictionary. In this dic-
tionary, the common subpattern stroke-orders are for reduc-
ing higher time complexity drastically. The dictionary is rep-
resented as a network and constructed hierarchically by us-
ing shared subnets which define stroke-order rules of Kanji
subpatterns. Based on the dictionary network, thousands of
stroke-order variations of Kanji patterns can be produced us-
ing a small number of subpattern stroke-order rules. They
successfully applied it to their previous study of substroke-
based HMM [10], and showed that the recognition speed was
fast.

The merit of the multiple prototype approach is its sim-
plicity. However, it is clear that it is difficult to define typical
stroke-order variations for general use. In addition, it can not
cope with rare stroke-order variations. Furthermore, its time
complexity is large when allowing huge variations.

2.2 Offline feature approach

The offline feature approach employs “inking" process which
converts an online character pattern into a 2D image. Then
we can apply OCR techniques to recognize the online char-
acter patterns without dealing with stroke-order variations ex-
plicitly.

Tanaka et al. [11] converted an online character pattern
into a bitmap image, and then, an offline classifier was ap-
plied to recognize it. In order to improve recognition accu-
racy, a classifier combination strategy is adopted, where this
offline classifier and another online classifier are combined.
The offline classifier works as a coarse classifier to provide
candidates for the online classifier, so that the time complex-
ity of the online classifier can be decreased.

Oda et al. [12] also proposed a combined classifier, which
is composed of an online classifier and an offline classi-
fier. For the latter classifier, the online character patterns are
converted to bitmap images. In [12], in order to decrease
time complexity and memory size, they proposed several ap-
proaches to reduce the dictionary sizes of the online and of-
fline classifiers significantly, especially for the offline dictio-
nary. Specifically, for the online classifier, they employed a
structured character pattern representation dictionary, which
is based on the common subpatterns of Kanji patterns, to re-
duce the total memory size. For the offline classifier, the mod-
ified quadratic discriminant function (MQDF2) is used, and
its dictionary size is drastically reduced by reducing parame-
ters for MQDF2.

2.3 Stroke correspondence approach

The stroke correspondence approach determines the optimal
or suboptimal stroke correspondence between an input pat-
tern and a reference pattern. By estimating the actual stroke-
order of the input pattern, it is possible to eliminate the effect
of stroke-order variations, even when rare stroke-order vari-
ation occurs. In addition, the stroke-order information esti-
mated by the stroke correspondence approach can be utilized
to identify the writer, to give a hint for more beautiful hand-
writing, and so on.

In the following, we will briefly introduce some methods
based on the stroke correspondence approach. As shown in
Fig. 1, those methods are classified into two classes, that is,
methods for optimal stroke correspondence and the methods
for suboptimal stroke correspondence. Generally speaking,
the former gives more accurate correspondence with larger
computations (This fact will be first proven experimentally
by this paper). Note that among the following methods, CS,
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BWM, ICD, SM, and DE, will be detailed in Section 3, then
compared experimentally and discussed in Sections 4 and 5.

In this paper, the classification between optimal and sub-
optimal is done whether a method can give the globally op-
timal solution of the stroke correspondence problem formu-
lated later. Thus, some method becomes suboptimal if it gives
an optimal solution in, for example, a constrained problem.

2.3.1 Methods for optimal stroke correspondence

In CS [1], Sakoe and Shin formulate the stroke correspon-
dence search problem as a shortest path search problem on
an N-dimensional cube graph. This cube graph is introduced
to impose the bijection property on the stroke correspondence
between an N-stroke input pattern and an N-stroke reference
patterns. An efficient dynamic programming (DP) algorithm
is used to search for the shortest path on the cube graph. Note
that CS can be extended to be a stochastic stroke correspon-
dence model [13]. In this case, the cube graph becomes an
HMM.

Hsieh et al. [2] proposed a straightforward stroke corre-
spondence method by defining the stroke matching problem
as BWM, where the stroke distances are served as the weights
of edges of an N × N bipartite graph. The BWM problem is
to find the minimum weight perfect matching of the bipartite
graph. Hsieh et al. formulated this minimization problem as
integer programming (IP) problem, and applied the Hungar-
ian algorithm to solve this IP problem.

In [14], Liu et al. represented both of the reference pattern
and the input pattern as complete attributed relational graphs
(ARG). In a complete ARG, its nodes and arcs describe line
segments and relations between any two segments, respec-
tively. They defined a measure for the optimal correspon-
dence of nodes and arcs between two ARGs. The correspon-
dence searching is formulated as a heuristic search problem
in a state space tree. An A* algorithm is used to perform the
heuristic search.

In [15], to overcome the shortcoming of being too strict
description of primitive (strokes or line segments) relation-
ship in popular ARG, Zheng et al. proposed so-called a fuzzy
ARG (FARG). In FARG, the attributes of nodes and/or arcs
are represented with fuzzy sets. The FARG is employed to
define reference patterns for Chinese characters. An elastic
matching algorithm is used to search the optimal stroke cor-
respondence between an input pattern and the FARG.

In [16], Zheng et al. proposed a path-controlled HMM
(PCHMM), which is an improved version of popular HMM-
based methods and needs not prepare multiple HMMs for the

stroke-order variations of each class. In PCHMM, only one
HMM is modeled for each class, corresponding to the opti-
mal state transition path on the state sequence space. A path
controlling function is defined for directly controlling the op-
timal state transition path. The path controlling function can
place some constraints on state sequence space, according to
the optimal line segment correspondence between input and
reference patterns, which is searched by using an A* algo-
rithm.

2.3.2 Methods for suboptimal stroke correspondence

ICD [3] is the simplest method to establish a suboptimal
stroke correspondence. It cannot guarantee one-to-one cor-
respondence because it relies on a simple greedy algo-
rithm. Specifically, for each of input strokes, one reference
stroke with minimum distance (called stroke distance) is se-
lected. In [17–19], the greedy algorithm is also employed to
search the stroke correspondence under different constraints.
In [17], under the constraint of predefined rules of reference
strokes, such as possible predefined stroke types and invariant
geometric features of strokes. In [18], under the constraint of
the minimum stroke distance that satisfies some conditions on
feature point coordinates and slopes of strokes. In [19], un-
der the constraint of the minimum stroke distance, for which
input stroke and reference stroke to be matched must have
the same number of segments. Clearly, the above methods
cannot avoid one-to-many correspondence.

SM [5], which will be detailed later, is different from other
methods because it uses the rank of the stroke distance in-
stead of the value of the stroke distance for the criterion of
correspondence optimization. The rank can be considered
as a rough approximation of the stroke distance as discussed
later. SM has a very efficient algorithm for determining the
stroke correspondence under this rank criterion.

DE, proposed by Lin et al. [6] is a model to represent
the reference pattern. DE contains prior knowledge of pos-
sible writing deviations. Specifically, a tree graph is con-
structed with limited branches for representing stroke-order
variations, and then a DP algorithm is used to search for the
optimal path on the tree. Because of the limitation, DE can-
not deal with all possible stroke-orders and thus DE is treated
as a suboptimal method.
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3 Details of five representative methods based
on stroke correspondence approach

In this section, we will formulate the optimal stroke corre-
spondence problem. Then, we will pick up and detail five
representative methods to solve the problem, from a view-
point of their optimization strategy. Based on our survey of
many stroke correspondence strategies, we find the optimiza-
tion strategies can be clustered into such five classes, that
are, two (globally) optimal methods, CS and BWM, and three
suboptimal methods, ICD, SM, and DE.

3.1 General problem of determining optimal stroke corre-
spondence

Let A denote an input pattern with N strokes,

A = A1 A2 . . . Ak . . . AN , (1)

where Ak is the kth stroke and represented as a sequence
of feature vectors. For example, Ak is a sequence of three-
dimensional vectors, each of which is comprised of the local
direction and x − y coordinates of each feature point. Simi-
larly, let B denote the reference pattern,

B = B1B2 . . . Bl . . . BN . (2)

Let δ(k, l) denote a stroke distance between the input
stroke Ak and the reference stroke Bl. Note that the dimen-
sionalities of Ak and Bl are often different due to their dif-
ferent numbers of feature points. Thus, we generally cannot
calculate the simple Euclidean distance between them. In-
stead, DP-matching distance [1,20] between a pair of strokes
has been often utilized, for which the stroke distance is the
sum of the distances of matched feature points determined by
DP.

Consider a mapping l = l(k) for representing the stroke
correspondence between Ak and Bl. Under the mapping l(k),
the stroke Ak corresponds to Bl(k). Thus, the character dis-
tance between A and B becomes

∑
k δ(k, l(k)). The mapping

l(k) should be bijective (one-to-one) from {Ak} onto {Bl}.
The optimal stroke-order of A can be obtained as

l(1), . . . , l(k), . . . , l(N), which will minimize the criterion∑
k δ(k, l(k)). It is very important to note that stroke corre-

spondence methods try to minimize the criterion
∑

k δ(k, l(k))
in their own ways. Some of them are very efficient subopti-
mal methods and the others are global optimization methods.
Hereafter, we will compare five stroke correspondence-based
methods.
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Fig. 2 Cube search graph (N = 4).

3.2 Cube search (CS) [1]

CS is a global optimization method for stroke correspondence
search. In CS, an N-dimensional cube graph, shown in Fig. 2,
is used for representing stroke correspondence; every path
from the leftmost node to the rightmost node represents a
stroke correspondence l(1), . . . , l(k), . . . , l(N) and the graph
can represent all (N!) possible correspondences.

Specifically, as shown in Fig. 2, the graph is comprised
of 2N nodes and each of them is indexed by an N-bit binary
number; each bit position corresponds to the reference pat-
tern stroke number l, and the bit value 1 means that this ref-
erence stroke has already been matched to some input stroke.
For example, the node “1100” indicates that the first and the
second input strokes corresponds to the third and the fourth
reference strokes, respectively, or, the fourth and the third
reference strokes, respectively.

CS treats the stroke correspondence problem as a global
path optimization problem under the condition that the two
nodes linked by an edge should have only one different
bit. For example, there is an edge from the node “0100”
to “1100”. This edge indicates that the second input stroke
corresponds to the fourth reference stroke. Clearly, any path
from the leftmost node “0000” to the rightmost node “1111”
will satisfy this condition and represents a bijective corre-
spondence. Since each edge indicates that a specific input
stroke corresponds a specific reference stroke, the stroke dis-
tance δ(k, l) is attached to the edge. For example, the distance
δ(2, 4) will be attached to the edge from the node “0100” to
“1100”.
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Consequently, the optimal stroke correspondence problem
is organized as a minimum distance path problem. The objec-
tive function is the summation of δ(k, l) along the correspon-
dence l = l(k), and the obtained minimum summation is used
as character distance. Therefore, the problem is formulated
as,

D(A, B) = min
l(1),...,l(k),...,l(N)

 N∑
k=1

δ(k, l(k))

 . (3)

An efficient DP algorithm is used to search for the “globally”
minimum distance path on the cube graph. The recurrence
equation of DP is formulated as,

G(n) = min
m

[G(m) + δ(k, l)] , (4)

where G(n) is the minimum cumulative distance to the state n
and there should be the relation that the binary number n has
k “1”-bits and two binary numbers m and n are different only
at the lth bit. The character distance D(A, B) is obtained as
G(n) at the final state n =“1111”. The time complexity of CS
is O(N · 2N−1).

Since the computational complexity of the original CS is
an exponential order of N, we need to introduce some tech-
nique to reduce the complexity for practice (especially, for
dealing with a multiple stroke character with large N). The
beam search acceleration technique or pruning technique has
been often used at a cost of global optimality. In this paper,
we define a pruning threshold of each row k as the summa-
tion of the minimum cumulative distance of states in row k
and an empirical value. The CS method with beam search
(abbreviated as CSBS) provides suboptimal solution with far
less computations than CS. Note that if we can consider that
each multiple stroke character is comprised of radicals, we
can expect that there is few stroke-order confusion in differ-
ent radicals and then reduce computations drastically [21].

3.3 Bipartite weighted matching (BWM) [2]

BWM is also an optimal method for stroke correspondence
search. In [2], Hsieh et al. modeled the stroke correspon-
dence problem as a bipartite weighted graph matching prob-
lem. Figure 3 shows an example of bipartite weighted graph
for determining the optimal stroke correspondence. The kth
left vertex stands for the kth input stroke Ak, whereas the
lth right vertex stands for the lth reference stroke Bl. Let
the weight of edge (Ak, Bl) be the stroke distance δ(k, l). A
matching in a graph is a set of edges, no two of which share
a vertex. If every vertex Ak ∈ A is incident to an edge in the
set, then the matching is perfect.

Fig. 3 A weighted bipartite graph (N = 4). A perfect matching is marked
by thick lines.

BWM problem is to find the globally optimal perfect
matching such that the sum of the weights (i.e. stroke dis-
tances) of matching edges is minimum. Under the assump-
tion that the stroke distances are given, Hsieh et al. [2] for-
mulated this minimization problem by the following IP:

D(A, B) = min
x11,...,xkl,...,xNN

 N∑
k=1

N∑
l=1

δ(k, l)xkl

 . (5)

where xkl is a binary value (0 or 1) and satisfy
∑N

k=1 xkl = 1
for all l and

∑N
l=1 xkl = 1 for all k. Note that xkl = 1 when Ak

is matched with Bl.
In [2], this IP problem is solved by the Hungarian

method [22–24], the well-known primal-dual algorithm. By
applying the Hungarian method, the algorithm solves the N
strokes correspondence problem in O(N3) computations.

3.4 Individual correspondence decision (ICD) [3, 4]

ICD is a suboptimal method for stroke correspondence
search. In ICD, the stroke Bl corresponding to the stroke Ak

is determined independently. First, an N × N stroke distance
matrix whose element equals δ(k, l) is defined. Figure 4 (a)
shows an example of the matrix. Then, the minimum value
in each row k of the matrix is searched for. That is, for the
kth input stroke, the lth reference stroke with the minimum
stroke distance from k is determined as the corresponding
stroke (e.g., in Fig. 4 (a),©3 = l(1) ). Consequently, the mini-
mized character distance D(A, B) can be described as

D(A, B) =

N∑
k=1

min
l
δ(k, l(k)). (6)

There is no guarantee that the resulting stroke correspon-
dence becomes one-to-one as shown in the example of Fig. 4
(a). The time complexity of ICD is O(N2).



7

Input stroke k
Reference stroke l

©1 ©2 ©3 ©4

1 62 14? 13 87

2 61 139 10? 86

3 87 25 97 36?

4 158? 64 97 42

(a) The stroke distance table of the example. The stroke correspondences by ICD and

SM are indicated by underlines and ?, respectively. The optimal one-to-one correspon-

dence is indicated by boldface.
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(b) Finding the stroke correspondence by SM (N = 4).

Fig. 4 An example of finding the stroke correspondence.

3.5 Stable marriage (SM) [5]

According to the formulation of Section 3.1, SM is a sub-
optimal searching method. The principle of SM is often ex-
plained by the situation that N men and N women have ex-
pressed mutual preferences (each man must say how he feels
about each of the N women and vice versa). The SM problem
is to find a set of N stable marriages according to the prefer-
ences [25]. For stable marriages, we should avoid unstable
marriage, which is the situation that in two married couples
(M1, F1) and (M2, F2), M1 prefers F2 to F1 and F2 prefers
M1 to M2.

Yokota et al. [5] applied SM to the stroke correspondence
problem, where input strokes {Ak} and reference strokes
{Bl} stand for men and women, respectively. A natural way
to express the preferences is the stroke distance δ(k, l). The
process of determining SM for Fig. 4 (a) is illustrated in Fig. 4
(b). For example, when k = 1, the reference stroke ©3 is first
selected as the candidate stroke and matched with the input
stroke 1. Then, when k = 2, since δ(2, 3) < δ(1, 3), the input
stroke 2 will match with the reference stroke©3 and the input
stroke 1 has to select the lower order of reference stroke©2 .

The most important point is that SM does not use the value
δ(k, l) directly but uses the rank of the preference for estab-
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Fig. 5 Tree for DE.

lish the correspondence. This fact can be confirmed by the
fact that if we transform the distance values in Fig. 4 (a) into
the rank (the resulting table is called “preference list"), the re-
sulting correspondence is the same. Because of this property,
SM is treated as a suboptimal method in this paper. Using
l(k) by the above method, the character distance is given as∑

k δ(k, l(k)). The time complexity of SM is O(N2).

3.6 Deviation-expansion model (DE) [6]

In this paper, DE is also viewed as a suboptimal method be-
cause it practically can deal with only a limited number of
stroke-orders as follows. Lin et al. [6] proposed DE as a gen-
eral concept of stroke correspondence model. Unfortunately,
in [6], they gave no solution algorithm except for a very lim-
ited case, where stroke-order deviation is limited to the two
directly adjacent orders. The correspondence algorithm for
this limited case is briefly given below.

Figure 5 shows an example of the tree for DE. In DE, the
corresponding stroke for k is limited as l ∈ {k − 1, k, k + 1}.
This set is called adjacency stroke position (ASP). The branch
of the tree is constrained by ASP. A stroke distance δ(k, l) is
assigned at each node of the tree. In [6], the minimum dis-
tance path on the tree is searched for by DP1). Since the tree
branches exponentially, the time complexity of DE is O(2N).

3.7 Comparison of computational complexity

The time complexities of the above five methods are summa-
rized in Table 1. It is clear that ICD, SM, and BWM require
polynomial computations and have the relative superiority
over the other methods. Note that CSBS has a parameter (the

1) Intuitively speaking, this is a “reversed" tree search where the searching
process starts from leaves and ends in the root.
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Table 1 Performance summary of the methods of stroke correspondence.

Methods Solution

Rates of character samples with
Time Recognition Computation time perfect stroke correspondences (%)

complexity rate(%) per character(ms) Correct stroke Incorrect stroke
-order samples -order samples

DM — None 93.38 < 0.1 100.00 0.00
CS [1] Optimal O(N · 2N−1) 99.17 553.8 98.34 95.75
CSBS [1] Suboptimal Depends on pruning threshold 99.15 43.5 98.32 95.53
BWM [2] Optimal O(N3) 99.17 6.4 98.34 95.75
ICD [3] Suboptimal O(N2) 96.37 0.4 68.55 54.02
SM [5] Suboptimal O(N2) 98.54 2.2 83.67 73.66
DE [6] Suboptimal O(2N ) 96.59 1212.9 98.62 47.79

∗ Note that the direct matching method (DM), which establishes stroke correspondence directly by the original stroke-order, is also listed here for emphasizing the importance of

stroke correspondence optimization.

threshold for beam search) and its computational complexity
depends on the parameter. Note that their actual computation
times will be compared experimentally in the next section.

4 Comparative experiment and evaluation

4.1 Experimental setup

In order to compare the performance of the above methods,
we conducted a comparative recognition experiment on a
workstation (with a 1.7GHz CPU). In Section 4.2, we will
first observe the accuracy of the stroke correspondence by
the methods. We also observe the recognition accuracy by
the methods.

Since we want to analyze the performances of the meth-
ods on two sets of correct and incorrect stroke-order respec-
tively, a dataset with known stroke-orders of characters was
employed, rather than a common dataset like the well-known
Kuchibue database [26] or the recent CASIA database [27].
A total of 17,983 Kanji character patterns (882 categories, 1-
20 strokes) written by 30 persons were used in the dataset.
The stroke-order of each pattern was confirmed detailedly,
and 14,786 patterns were written with correct stroke-order,
3,197 patterns were written with incorrect stroke-order. Fig-
ure 6 shows some Kanji samples of this dataset. Again, we
adhered to exclude variations in stroke-numbers for under-
standing only the effect of stroke-order variations in stroke
correspondence. Accordingly, each character in the dataset
was written with its correct (standard) stroke-number.

Each stroke (Ak or Bl) was represented as a sequence of
the x − y coordinate feature and the (quantized) directional
feature. The stroke distance δ(k, l) were calculated by DP-
matching and all of the methods used the same δ(k, l) for op-
timizing the stroke correspondence.

Fig. 6 Samples of our dataset.

4.2 Experimental results

The accuracies of the stroke correspondence by the five meth-
ods are shown in Table 1. Specifically, this is the rate of char-
acters with perfect stroke correspondences. The test patterns
used were written in not only correct stroke-order but also
incorrect stroke-order.

For emphasizing the importance of stroke correspondence
optimization, the results of the direct matching method (DM),
are also listed in Table 1. DM establishes stroke correspon-
dence directly by the original stroke-order; that is, k = l(k).
Accordingly, DM cannot deal with stroke-order variations.

Table 1 also shows the experimental results showing
recognition rates and computation times for each of the five
methods. Note that 39ms for calculating local distances
{δ(k, l)} were excluded from the computation times in the ta-
ble because this 39ms were common for all of the methods.
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Table 2 The error rates of character recognition depending on N.

N ] of categories
Character error rate (%)

DM CS CSBS BWM ICD SM DE
1 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00
2 10 8.39 2.80 2.80 2.80 2.80 2.80 2.80
3 19 9.79 2.29 2.29 2.29 3.54 2.29 3.33
4 45 7.51 1.34 1.34 1.34 3.75 1.43 3.04
5 65 10.64 1.47 1.47 1.47 3.31 1.47 4.59
6 65 8.93 0.98 1.04 0.98 3.65 1.50 5.28
7 79 8.27 1.18 1.12 1.18 5.01 1.91 4.16
8 94 9.61 0.76 0.76 0.76 4.55 1.42 4.92
9 86 4.40 0.77 0.77 0.77 3.19 1.43 2.97

10 80 6.11 0.46 0.53 0.46 4.25 1.53 3.19
11 77 4.80 0.47 0.47 0.47 2.47 1.47 3.80
12 86 3.72 0.31 0.25 0.31 4.72 1.51 2.52
13 51 2.99 0.43 0.43 0.43 2.56 1.28 1.18
14 46 3.55 0.39 0.66 0.39 2.37 0.79 0.92
15 27 2.83 0.00 0.00 0.00 2.12 0.24 0.94
16 16 0.42 0.00 0.00 0.00 0.84 0.00 0.00
17 4 0.00 0.00 0.00 0.00 0.00 0.00 0.00
18 11 6.38 0.71 0.71 0.71 3.55 2.13 2.84
19 3 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 3 2.13 0.00 0.00 0.00 0.00 0.00 0.00

To analysis the influence of the number of input strokes on
recognition rate, the error rates depending on the number of
input strokes N were evaluated for each of the methods and
shown in Table 2. Table 2 also shows the number of character
categories on N in our dataset.

4.3 Performance analysis

Table 1 shows that CS (including CSBS) and BWM could
provide accurate stroke correspondence for both correct and
incorrect stroke-order input patterns. In particular, for in-
put patterns with incorrect stroke-order, CS (including CSBS)
and BWM show remarkable superiority than the other meth-
ods.

Figure 7 (b) gives examples of stroke correspondences be-
tween an input pattern " "(cheerful) and a reference pattern
" " shown in Fig. 7 (a), by CS, BWM, ICD, SM, and DE.
Figure 7 (c) shows the stroke distance table between the two
patterns. In this case, as shown in Fig. 7 (b), CS and BWM
gave perfect stroke correspondences. The stroke correspon-
dence of ICD was not one-to-one, and SM and DE also gave
incorrect stroke correspondences. Based on Fig. 7 (c), SM
gave the incorrect correspondences of input strokes 4, 5, and
7, because SM only determined their correspondences locally
by iteratively comparing the preferences in their ranks, and
could not avoid correction of the errors by considering global
optimality. DE could not give the correct correspondence be-
cause the stroke-order variation in the input pattern had ex-
ceeded the expected variation range (±1).

Table 1 shows that all stroke correspondence search meth-

Input pattern Reference pattern

(a) An input pattern " "(cheerful), a reference pattern " ", and their stroke-orders.

Correspondence of
Input stroke

Character
reference stroke 1 2 3 4 5 6 7 distance

CS ©3 ©1 ©2 ©4 ©5 ©6 ©7 92

BWM ©3 ©1 ©2 ©4 ©5 ©6 ©7 92

ICD ©3 ©1 ©2 ©4 ©4 ©6 ©5 75

SM ©3 ©1 ©2 ©7 ©4 ©6 ©5 150

DE ©1 ©3 ©2 ©4 ©5 ©6 ©7 131

(b) Stroke correspondences and character distances given by each method for the char-

acter pair of Fig. 7 (a). The correct correspondence is indicated by the underline.

Input stroke
Reference stroke

©1 ©2 ©3 ©4 ©5 ©6 ©7

1 15 44 10 95 96 38 90

2 3 21 37 70 62 72 61

3 13 4 65 29 18 70 42

4 98 63 121 23 59 79 98

5 74 35 128 10 23 90 62

6 37 43 20 68 66 7 63

7 49 37 75 27 18 53 22

(c) Stroke distance table between the character pair of Fig. 7 (a).

Fig. 7 Stroke correspondence examples by the five methods.
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ods can give higher recognition accuracy than DM and proves
the importance of stroke correspondence search. Table 1 also
shows that CS (including CSBS) and BWM can obtain higher
recognition accuracy, and ICD, SM, and BWM can obtain
higher recognition speed. On the other hand, although CSBS
is slower than ICD, SM, and BWM, its recognition speed is
also fast and practical. DE is very slower than the other meth-
ods as expected from its exponential computations, O(2N).

In Table 2, CS and BWM show the same lowest error rates
of character recognition, and the poor correspondence accu-
racy of SM, DE, and ICD caused many errors. It is observed
that, for all of the methods, there exists a tendency that the
error reduces as N increases (the sharper variation at N = 18
is just due to the small number of input patterns at there).
It seems reasonable to conclude that the information con-
veyed by a character pattern increases as the stroke-number
increases, and sufficient information is available to discrim-
inate characters. With CS and BWM, error rates monotoni-
cally reduce and keep the lowest error rate at each N. Espe-
cially at large values of N, CS and BWM show remarkable
superiority. It means that, for the complex input Kanji with
large stroke-number, CS and BWM can utilize the increased
information more efficiently than ICD, SM, and DE.

For the above methods, we can summarize the experimen-
tal results as follows.

• Since CS and BWM can obtain the globally optimal
stroke correspondence (from all possible correspon-
dences), they can give the same optimal stroke corre-
spondence and obtain the same highest recognition ac-
curacy, especially for difficult input patterns, that is,
patterns with incorrect stroke-order and/or large stroke-
number.

• There is only a slight difference in perfect stroke cor-
respondence rate, as well as recognition rate, between
CSBS and CS. In contrast, there is a drastic reduction
in computation time by CSBS. This indicates that, al-
though CSBS is a suboptimal method by the introduc-
tion of beam search (pruning), it is possible to find the
optimal solution in many cases.

• ICD cannot give accurate stroke correspondence as
shown in Table 1. This also results in the poor recog-
nition rate 96.37%. Those facts indicate that the stroke
correspondence problem is difficult to solve by a simple
greedy optimization method.

• SM could not provide accurate stroke correspondence.
This is because only SM employs a rank criterion in-
stead of the distance criterion. The rank criterion some-

times underestimates large difference and overestimates
small difference, and thus is insufficient to evaluate the
stroke correspondence.

• DE could not provide correct stroke correspondence re-
sults for incorrect stroke-order input. This is because
that DE cannot deal with stroke-order variation beyond
the range permit of model assumption. Unfortunately, it
is practically impossible enlarge the range because DE
graph becomes huge and then its computation becomes
intractable.

From above results, clearly, for the performance of recogni-
tion accuracy, relative superiority of CS and BWM over ICD,
SM, and DE are established.

5 Discussions

Since the above mentioned methods can give different per-
formances in different conditions of stroke-order and stroke-
number of input patterns, they have their own appropriate
characters. For the optimal methods of CS and BWM, it is
reasonable to employ them to recognize the characters with
large stroke-number, such as Chinese character or Japanese
Kanji (or employ them in the other pattern recognition fields,
eg., the recognition of gestures with complex and variable
orders of bodily motion). For the suboptimal methods of
ICD and SM, it is reasonable to employ them to recog-
nize the characters (or other kinds of patterns) with small
stroke-numbers, such as Roman and Japanese Kana. How-
ever, application of ICD and SM to the Indian characters
like Bangla [28] will not be appropriate even though they
have small stroke-number. This is because the shapes of
Bangla character strokes are very similar to each other, glob-
ally optimal stroke correspondence will be necessary to keep
the higher recognition accuracy than ICD and SM. CS and
BWM are also advised for the characters with large alpha-
bet, such as Indian characters, Kanji characters or subpatterns
of Kanji. Since the recognition accuracy always decreases
as the alphabet increases, the optimal methods of CS and
BWM are needed to keep the higher recognition accuracy,
for the large alphabet characters. On the other hand, consider-
ing the recognition speed (or computational complexity), the
ICD, SM, and BWM are advised, especially for those simple
recognition systems (e.g., portable data terminal). Table 3
shows our recommendation of the application conditions for
each of the methods.

The above mentioned methods of stroke correspondence
approach also can combine with the methods of multiple pro-
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Table 3 The application condition for each method.

Methods Application condition
] of strokes Alphabet size Speed Ex. of character script

CS (CSBS) Large / Small Large Middle Chinese, Kanji, Bangla
BWM Large / Small Large Fast Chinese, Kanji, Bangla
ICD Small Small Fast Roman, Kana
SM Small Small Fast Roman, Kana
DE — — Slow —

totype and offline feature approach to decrease the total time
complexity and improve the recognition accuracy. CS and
BWM give stroke correspondence with higher accuracy, be-
tween the input pattern and the reference pattern of a class.
Their stroke correspondence results can help the methods of
multiple prototype approach to pick up some more possible
prototypes so as to decrease the complexity, rather than all of
the prototypes of the class, especially for the class with large
stroke-number. On the other hand, for methods of offline fea-
ture approach, it seems reasonable to employ the information
of one-to-one stroke correspondence, given by above meth-
ods like CS, BWM, and SM, to evaluate the image character
distances and improve the recognition accuracy.

6 Conclusion

In this paper, we have reviewed the methods for solving the
stroke-order variation problem. Among various approaches
for dealing with this problem, we have focused on the stroke
correspondence search methods. Especially, five represen-
tative methods — CS, BWM, ICD, SM, and DE, were dis-
cussed and compared to clarify their relative superiority.
From the viewpoints of not only recognition accuracy but also
stroke correspondence accuracy, the five methods have been
experimentally compared on the same test set. According to
the experimental results under the stroke-number fixed con-
dition, performance superiorities of CS and BWM over ICD,
SM, and DE were established. This indicates that global op-
timal solution under a stroke distance-based criterion is nec-
essary for higher stroke correspondence accuracy. A detailed
discussion on the five methods showed that these methods
could be applied to different conditions of character recogni-
tion tasks, and combined with other approaches for dealing
with stroke-order variation problem.

In our future work, we will test the above mentioned meth-
ods on different types of datasets with different languages,
to further prove and deepen our analysis. Meanwhile, we
should study how to apply the stroke correspondence tech-
nique into other fields that need order analysis of feature se-

quences, such as DNA analysis and gesture recognition.
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